ADDITIONAL INDUCTION PROBLEMS

1. If n is a natural number, then 02 412 422432 4424 ... 4+ n? = w
Proof. (By induction)
Basis Step. If n = 0, then the statement is 02 = w or just 0 = 0.

Inductive Step. Assume that for k > 0, the following is a true statement:
02412422 1 32 4 42 4 ... 4 k2 = EGFDCk+)
Add (k +1)? to both sides to get
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0P+ 12 +22 432442+ + k24 (k+1)* =
02+ 124224324424+ k + (k+1)* =
02+ 124224324424+ k2 + (k+1)* = 5
Thus the statement is true for k + 1, and this proves the theorem.
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. If n is a natural number, then 9| (n® + (n+ 1) + (n + 2)3).

Proof. (By induction.)
Basis Step. If n = 0, then the statement is 9| (0° + (0 + 1)® + (0 + 2)*), which is the true
statement 9|9.

Inductive Step. Assume that for k& > 0, the statement 9| (k* + (k + 1) + (k + 2)?) is true.
We want to show that 9| ((k+1)* + (k+ 14+ 1)3 + (k + 1+ 2)?).

Now, (k+ 12+ (k+1+1)3+ (k+1+2)?

=(k+13+(k+2)3+ (k+3)3

=(k+1)%+ (k +2)3 + (k* + 3k?3 + 3k3% + 3?)

= (k+ 13+ (k+2)3+ (k3 + 9k + 27k + 27)

= (k3 + (k+1)3 + (k+2)3) + (9% + 27k + 27)

=K+ (k+1)3+ (k+2)3) 4+ 9(k? + 3k + 3).

Look at the above expression. It is the sum of two terms, (k3 + (k + 1)% + (k + 2)3) and
9(k? + 3k + 3). By the inductive hypothesis, 9 divides the first term, and clearly 9 divides
the second, by definition of divides. Thus it follows that 9 must divide the sum. This means
I ((k+1P 4+ (k+1+1)3+ (k+1+2)%).

. If n is a natural number, then X}_Fj = Fj42 — 1

Proof (by induction).

Basis Step. If n = 0, then the statement is EgzoFk = Fyy2 — 1, which is the statement
Fy = Foqo — 1, or Fy = F5 — 1. Since Fy = 1 and F» = 2, you can see that this is a true
statement.

Inductive Step. Suppose that lejzoFk = Fyy2 — 1 for some natural number k. We want to
show that EZ:éFk = Fiy142 — 1. Begin with the equation Eﬁ:oFk = Fyy1o— 1, and add an
Fi11 to both sides. Then you get the equation EkHFk = Fyy9+ Fi+1 — 1, Now use the fact
that Fiio + Fiyr1 = Ft3, and we get EkHFk = Fyy3 — 1. This proves the Theorem.



4. If n is a natural number, then ZZZOFkQ = F,Fny.
Proof (by induction).
Basis Step. If n = 0, then the statement is ZgZOFkQ = FoFp41, which is the statement
Fy?> = FyFy. Since Fy = 1 = Fy, this is just the true statement 12 = (1)(1).
Inductive Step. Suppose that EiZOFf = FyFj1 for some natural number k.
We want to show that Eﬁiész = Frpr1Frr141-
Begin with the equation EizoFkQ = FyFj41, and add an Fk+12 to both sides.
Then you get the equation ZZLI)F;CQ = FpFri1 + Fk+12.
Factoring, we get E']ziéFkQ = Frp1(Fi + Fi1).
Now use the fact that Fj, + Fi11 = Fk12, and we get ElziéFkQ = Fri1Fko.
This shows ElziéFkQ = Fy41Fk4141 so the theorem is proved.



