MATH 211 FINAL EXAM December 13, 2016

Name: ‘R\ LBIM& R. Hammack Score:

Directions: Answer each question in the space provided. To get full credit you must show all of your work, unless
instructed otherwise. Use of calculators is not allowed on this test.

1. (10 points) Write each set by listing its elements belween braces.

@ fmen:sm= ({3 6 9 13 15 }I .
— X -2X=0
(b) {xreR:a?~2x=0}= iO/ Q} e_—_\ Z(X-l)
x=0 2=

(&) 2({1,2)) = \;{ (fp) §I}J 53.}) $a% }J e
@ {12} x 2 =|§ (&) (3, 6) (l,f@)j (2,{:31 (", ?ﬂ), (zja})}
(\, 11,23 )) (a, 1,21) }

() {1,2}n@({1,2)) = ) q) l &y Note Id,"-?({l)?'.k\

and QEP(T,2})

—

2. (6 points)

(n) Suppose the following stalement is false: (PA~ Q)= (= 8)
Is there enough information given to determine the truth values of P,Q, R and 57 If so, what are they?

The onl:, wowy et (PAvQR)Y S (RDS) cam he false is F

(F/\"'CQ) s drve  amd (R%75) 9 ﬁ\_"'e. Thie weansg
[P=T, @=F R:=7T, s=F]

(b) Write a sentence that is the negation of the following sentence:
‘There exists a real number a for which a + = = z for every real number . é— 3 a & “?) Vx € IR} A+ X = X

N&aa“h'om' ’V(éﬂt‘”z) fofkid'l*%:x): Vaéﬂz) A x eR, a+x £ %,
For any real numben &t is & real nom ben X dor which a+x %:Z,]

(c) Decide if the following statement true or false. Briefly justify answer. Vne N,IX € PN}, |X|=n -1

This s TRUE | I6 ne N, thw ne§1,2,5,9...7 50 n-1€591,3%8,

%V Cam cer‘!‘aln(j fal an X <IN with Ixlzmn-r,

3. (6 points) Write a truth table for (P = Q) & (PVv Q).

P Q | P20 | Pva | (Poq) & (Pva)
T T T
T
T

= F
. T
T F F

-
M~




4. (6 points} A 5-card poker hand is called a flush if all cards are the same suit. How many diflerent fushes are
there?

('3) hoands ane ald V%
('3) hands oo Qs

(13) honds e o2 &5

Answer The mumhen of Dopwrds tnot ane all The sawve suid

. I3 3-12--10-9 0 Ty :FST\_‘R
o A4(2) s AT = 43

5. (G points) Consider 4-card hands dealt off of a standard 52-card deck. How many hands are there for which all
4 cards are ol the same suit or all 4 cards are red?

Al ved

J

Lk A be the set of 4-cond homds whew al # cads hae some surf
T 42§ EHEE] B, LA -3

Led B be the set of 4-cand hands whane alf ¥ conds one ed |
Thew B =73 [F13[51% ') Nak Lf], FRRLS -1

Se AN I(Se’r of 4- cund hands whee eifhen A cw\o‘.s)

wr hearts or all cands o drawonds

B\a /W'\‘fﬂvk';tc;‘v‘ - 6Kcl05|:ﬂx ’PYH\C\.\J L"-, The ANnG Wen 15

_(Al+ B~ 1ANT]

\AU%\ ) 4(‘3\*‘(246)_ 31(‘3) _ ;[lzf)+{zz}é)

| | | :]
= 32 20 gqoe 26028023 <[16380

al Nt



6. {6 points) In how many ways can you place 20 identical balls into five different boxes?
Box | Box 2 Bex 3 Box 4 Box 5
¥ X ¥ | X K H ¥ ‘*%%-&(%’ X f-j(t%_;g. -«

20+ 4\ _ .2‘/) 24,3322 2|
Angwer ( Yy = y = 73 2
= 23-22-21
= 10626

7. {6 points) Suppose a,b,c,d € Z and n € N.
Prove: If a = b (mod n) and ¢ = d (mod n), then ac = bd {mod n).

o (Direct) Suppose 4z b (Mol n) and ¢ = (mod 1),
This  meang h\(a-b\ drnd- V\\(c-cﬂ\ by def. of E(mod n),
By C‘E'?m.\"nw o'F J\V\Sl\.’)lll‘l‘Y} we 'ﬂu,m ‘@’\GVC

a-h = nk ardk C-A Tnf For some k L € Z.
Consecbuen‘}“g 6= nh*+b amd €= n e+ A,

Hence ac = (nk+b)(nd +d )= nkL+nkd+bnd + bd,
Theveloe aC-bd = Nk +nkd +bond

= n(n\‘lﬁ + K<9~ +b9\)
whore nkd +kd +bd € Z.
Fvuw\ ths 'H"t’- dewt\'m."flw O'C‘ ﬁ\Q\SI\ﬂ"l"‘\/ t’le€5

| (0c-ba)  gud thus ae oz bd (wmed n) g
J




8. (G points) Prove: Il n € Z, then 4| n® or 4| (n® +3).

Proof (Dnre&) Suppose h € 8
Case 1 Sufpoae A is even. Thew n= 2k For some k€ Z,
i s (T ey 4T

Cose 2 Suppase W s 0dd . Then n=2k+tl for REZ
Nole Thet n+3 = (2k40)43 = 4R*+ gk +1 +3

= 4k%+4k+ 4 = 4 (k¥ k+ 1) with ks k+l e Z.
ﬁ(laz-x-lai—t)) we have (‘1 l(hzf-s)

As no+3 =
Coses | omd 2 ahove wow show Thad 4{!’71
oY ‘4” (ﬂz+3 ) ¥

9. (6 points) Prove: If n € Z, then 4 { (n® — 3).

pg_o-{ I(Con'jfr&cllC+I0h ) SUPFOSQ -§uv‘ _H\e S&ke O-F

Contra diction that neZ but 4‘(“2-3). Then
3 =4a P sems a€ Z,

= 9\(20-'“] +

Thevefore oS o:M, So n 1S Odaﬁj That ES, hz=2b+1

for  Semie b e Z, New we have

br+4b+ 1 -3 =4a

ibl +4h -2 = 4 a >Thc:re{'o\re 1 s even

2‘07‘+2b - = 4a uj\nw‘/\ 1S a
C/UV\WO\&\C."}'I-DA 7

2h?+2bh -4
2(b*+ b-24 )

(B} i



10. {6 points} Suppose a,b € Z. Prove ab is odd if and only if both ¢ and & are odd.

fr_o_o{-(zb\ First we need 4o show tht # ah s odd then

Lo-i'lq A_  Admd b ana odd . We vie cbn‘l‘m‘;osﬁure ?:-oo?.

Svppose That not hoth a amdt b ae odd, Then ok leash
one O[' 'f'hem 1 even, Wl‘f’hc;ui- I‘-’SS O‘F‘ gener‘a&)d-r Saﬂ A
is evew  So a =2k For some R &Z, Then Al = zkb
:.Sl(kb) wiTh kbéZ} which means ol 15 even
ab Ts not odd. ’

S

(@) Now We peed o prove Thed o 4 and b ana botl
c,gl&j' 'H'\ev\ ab s odd, Lets use direct Proof, Assume
Thet WTh & and b e g, Then G:ZR+( and
b=20+0 e kL €Z Now ab- (zR+ 1) (2L + 1\

= 4k8 42042k + | = Q(zkﬁ+l+}<)+l, Because
2k Q4+ 9+ k S Z, Tthis meams ab ¢ od4. A

L1. (6 points) Prove or disprove: If a relation R on a set A is both transitive and synnetric, then it is also reflexive.
TH‘.S ‘15 FALSE | HE\‘e_ \S & Cov n+tr‘e)(a\N\P{€.
Le;" A= {QJ b) C}
s, R= §Caa) (oh) (oa) (bb) 3

This 18 keth 'hfoms;'('wi/e anud- symme'ﬁr},j
bqu f\(- I V\o{' ‘rewC(ex\Ve becgwg,o_ (ch)é R‘



The questions on this page involve the function f: R x M — R x N defined as f({z,y)) = (3zy, 1)

12. (G points) Is f is injective? Le'l'rs Cl'lé’ck, S\JFFoS( ‘F((Q)b)) = —S:((C) & ,I-')
Then (30_[«,) \3) :(?Ccﬂ} d)’ which Meoms Laa_b =3¢AJ
S e

d/h.(ﬂ \'J:d . ?U'H"Ifla _rheS hﬁcﬂﬂer Jwwes 30\‘9 = 3(_19
Gl hev\ce‘ﬁ:—‘ CZ~ T vom ‘f'h'u:) (ﬂ,b):(g 4)
W‘M.c,‘r\ Proves lic 1S ,c:wjec\‘i"ve ,

13. (6 points} Is [ is surjective?

Given (a,b) € RXN nite That (55 b)& RxN
Gind 4((:5@—}5)): (326, L) =(b) so

l.r;_ i« surjective

14. (6 points) Does the inverse function f~! exist? If so, find it. , -; )
Because \-L's iﬂjﬁcﬁVe amd~ SVVJGC:{W@J =
bijecﬁve oed. Thvs has v versge

H 12 ohove Buaaes‘% ’W\o&_

()= (5 1)

ces 5 (500 )s £1((373,9))
= (39@3 ‘3):("/3) v

’33, /




15. (6 points) Use mathematical induction to prove 2' +2% + 2% + 21 4 ... 4 27 = 2"*1 2 for every n € N.

&‘.’2_{: I 1+ 1

@ If n=|, +hs 1§ 2 =4 "2/ that 15, = ¥-2

O i "f'hm‘.; True .-,

! K let
@ Now we heed o show 2 4—22+ Z%f- +Z =2

-2

\MP“E'S 21+ 2%4 234 9Ky Pl (h'”)-#—l“

= 2
We use dive c+ ?\'Oog, SU‘DFOSQ —‘——hant

\ 3 K le
2+22+2+"‘+2 = 241-—2. _”'ley]

! 3 kK k+l
2422"“2 +-"+2+2+ ==
k& K+ |
(2‘*21-1» 23+ v+ 2 ) 7 =

K+]
<2k+l—l )‘\‘2 B

. k+
2.2 = 2 2 =2
+1 4+
. ’__2
- (k+t) +1
= —;
S-u we've SL)QWV\ —ﬂ\M
2‘+2l+— y S 2'@'(: Q(R-H) +) ,

This amp{eks —h}\e '\D\mo{: bé zw\cﬂvc:’huw



16. (6 points) Prove: fa,b € Z, then o® — 4b - 3 # 0, [Contradiction may be easiest. |

?roof— SUFPOS@_ for The sake of Con‘h’cgafuc'hmn hat a, h € Z
bt @*-4b-3 =0. Then a%:z ybh +3 ¥/9+.2+/

2b+ | l. Se = '
a( ) + a’ 2 (2b+1) + /J wrhorg zb-ﬁ/éZ’/
ond WS Woams a4 s odd = so cmSecbuenHj a s od).

Thonhoce A= 2R 41 fur some ke Z

Now 1\)\\/8 b=2R+( b a-4b-3 =0
Logt  (zk+t)-9b -3 =0
dk w4k +1-9h -3 = o
Yh*+ g -1 = 2
7 (467+ 4k r4b) =t

gkt 2k +a2b =

2 (K k+b) =
Thar  we dave. | = \l(fa?llu-é)j wh erg
Kz—k[ﬁ-i-b & Z) c,almto('z\ Meonad { s
€V-€V\) [~ C,on'ﬁF&&ﬂc'ﬁ(fk @



