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Abstract—This paper presents the development of a new neural 
network based optimizer called the Adaptive Critic Learning 
Agent (ACLA) algorithm. The ACLA algorithm is based on the 
traditional Adaptive Critic Design (ACD) algorithm and hence its 
name. Conventional neural network based optimizers use the 
principle of Hopfield/Tank Neural Networks (HTNN) to solve 
unimodal optimization problems. These neural networks require 
tailored structures for the specific optimization problem. The 
ACLA algorithm presented in this paper uses a general randomly 
initialized neural network to solve any unimodal optimization 
problem. This is achieved by extending the principles of the 
traditional ACD algorithm for the ACLA algorithm. Other 
attributes of the ACLA algorithm are related to the issues with 
swarm based optimizers such as Particle Swarm Optimization 
(PSO) and Genetic Algorithms (GA). These issues are: 1) large 
memory requirements and 2) multiple parameters required to 
tune the algorithm’s convergence performance. The ACLA 
algorithm resolves these issues by: 1) using only one neuron to 
reduce memory requirements and 2) using only a single learning 
coefficient parameter to tune the algorithm’s convergence 
performance. The ACLA algorithm was tested and compared 
with three swarm based optimizers on two unimodal benchmark 
problems typically used for PSO and GA algorithms. Test results 
proved the ACLA algorithm to converge to solutions 7 orders 
greater than the swarm based algorithms. The ACLA algorithm 
was further tested on two multimodal benchmark problems to 
demonstrate its capability to converge to nearest local minima. 

Keywords-Adaptive Critic Design, Neural Networks, Swarm 
Intelligence. 

I.  INTRODUCTION 
Optimization is an important aspect in many fields of 

science, engineering and business. Hence there is always a lot 
of room to develop new optimization techniques. Optimization 
algorithms in the field of computational intelligence are either 
swarm based or neural network based. Particle Swarm 
Optimization (PSO) and Genetic Algorithms (GA) are 
examples of swarm based optimizers. These algorithms 
typically require large memory to enact swarm behaviors for 
optimization. Hopfield/Tank Neural Networks (HTNN), on the 
other hand, are examples of neural network based optimizers. 

These optimizers typically require neural networks that are 
tailored for the specific optimization problem. 

The PSO algorithm was introduced by Kennedy and 
Eberhart in 1995 [1] and GAs were initially suggested by 
Fraser in [2], Fraser and Burnell in [3], Crosby in [4] and 
popularized by Holland in [5]. Although many variants of PSO 
and GA have been developed over the recent years, e.g. in [6] – 
[10], only a couple of variants have sought to minimize the 
memory requirements of the PSO and GA, such as the Small 
Population PSO (SPPSO) algorithm in [11] and the Mean 
Variance Optimization (MVO) in [12]. 

 The HTNN algorithm was introduced by Hopfield and 
Tank in 1985 [13]. This work inspired many improvements, 
later on, on the development of new neural network structures 
for optimization. Examples of such work can be found in [14] – 
[19]. 

 Adaptive Critic Design (ACD) was introduced by Werbos 
in 1974 [20]. The algorithm was designed for optimal neural 
control problems and has successfully been implemented in 
work such as [21] – [25]. The algorithm is Error 
Backpropagation (EBP) based, but on a large network of neural 
networks. The EBP algorithm is a very simple optimization 
algorithm and its principles are extended towards the 
development of the Adaptive Critic Learning Agent (ACLA) 
algorithm. The ACLA algorithm comprises of a randomly 
initialized neural network that seeks to solve the optimization 
problem using the principles of EBP. Further, to ensure 
minimal memory requirements, the ACLA neural network uses 
only one neuron for finding the optimal solution.  By using this 
setup, the ACLA algorithm did prove to find the optimal 
solution.  

The rest of this paper proceeds as follows: Section II will 
cover a brief overview on the current neural network 
approaches to optimization, i.e. using the principle of the 
Hopfield/Tank Neural Network. Adaptive Critic Design is 
introduced in Section III followed by the development of the 
ACLA algorithm in Section IV. Section V.A introduces the 
unimodal benchmark function in the experimental setup made 
to test the ACLA algorithm. Section V.B shows the trajectory 
of the ACLA algorithm on 2D versions of the benchmark 
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Fig. 2.  The Classical Critic Architecture [28]. 

problems followed by comparative results of the ACLA with 
the PSO, SPPSO and MVO, in Section V.C, on higher 
dimensional versions of the same benchmark problems. Section 
V.D introduces two multimodal benchmark problems to 
demonstrate the capability of the ACLA algorithm to find the 
nearest local minima. The paper then concludes with future 
work in section VI.   

II. HOPFIELD/TANK NEURAL NETWORK OPTIMIZER 
In this section the current approaches to neural network 

based optimizers is discussed, i.e. using the principle of 
Hopfield/Tank Neural Networks. 

Hopfield and Tank in [26] showed that a Recurrent Neural 
Network (RNN) was capable of solving linear programming 
problems. For a given set of equations which can be described 
by a matrix, W, the energy function associated with W is given 
by the Lyapunov Energy Function given as, 
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 Note that y is the output of the function Wx – t, i.e. y=Wx – 
t, and that y→x* (optimal x) as E→0. The energy gradient, 

E∇  , is given by, 

TtWyE −−=∇     (2) 

Eq. (2) is simply the negative of the function y=Wx – t, and 
therefore the recurrent function naturally commutates to the 
minimum of the energy function given in Eq. (1). The RNN 
used to accomplish this is shown in Fig. 1. 

 

III. ADAPTIVE CRITIC DESIGN 
This section introduces Adaptive Critic Design (ACD) from 

which the ACLA algorithm was developed. 

ACD, introduced by Werbos [20], belongs to the class of 
neural Markov Decision Processes (MDP) [27]. MDPs are 
typically used in computing the optimal control policy for 
industrial and commercial processes. While MDPs use state 
transition matrices to compute the optimal control policy, ACD 
uses a user defined utility function. The user defined utility 
function U(t) is the optimization search space used through the 
Bellman Equation given in Eq. (3) [29]. 
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The γ in Eq. (3) is the discount factor having a value 
between zero and one. The ACD algorithm classically 
comprises of two neural networks, namely the Critic Network 
and the Action Network shown in Fig. 2. In Fig. 2, the R(t) is a 
vector of system states at time t and u(t) is the control output of 
the Action Network at time t. The Action Network is the 
desired optimal neural controller that will control a specified 
system once designed. The neural network setup shown in Fig. 
2 is the basic setup that provides the foundation of the ACD 
principle. Typical ACD neural network setups include a Model 
Network that is pre-trained to model the system dynamics. This 
Model Network is then placed between the Critic Network and 
the Action Network to optimize the Action Network, i.e. the 
neural controller. 

During the initialization stage, the Action Network is 
trained to model the conventional controller of the system 
under consideration. The critic values of a specific control 
sequence are evaluated using Eq. (3) in time-series form and 
then modeled by the Critic Network. Once the Critic Network 
is trained, the optimization of the Action Network begins by 
the backpropagation of a one at the output of the Critic 
Network for each time t. By the backpropagating a one at the 
output of the Critic Network, the gradient ∂J/∂A is obtained 
(Here, J is the output of the Critic Network and A is output of 
the Action Network assumed to be presented as an input to the 
Critic Network). To understand the meaning of the gradient 
∂J/∂A, one has to place the action inputs A as the optimization 
parameters in the optimization search space and J as the fitness 
value of input A. The gradient ∂J/∂A then becomes the gradient 
of the fitness function J at location A. Once the gradient ∂J/∂A 
is calculated, it can be presented to the Action Network weight 
updation equation as the error in the Error Backpropagation 

 
Fig. 1.  The Hopfield/Tank Recurrent Neural Network used for linear
programming. 



(EBP) equation. Replacing the error in the EBP equation with 
the gradient ∂J/∂A gives Eq. (4). 
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In Eq. (4), ηA is the learning coefficient of the Action 

Network. 

IV. THE ADAPTIVE CRITIC LEARNING AGENT 
This section discusses the development of the Adaptive 

Critic Learning Agent (ACLA) algorithm.  

In the previous section, it was noted that the EBP equation 
can optimize any function as long as the function gradient is 
presented to the EBP equation. The ACLA algorithm extends 
this concept towards finding the optimal parameters in a given 
optimization search space. This, however, is not a 
straightforward procedure and it is mainly due to the EBP 
equation itself.  

Suppose we consider a linear neural network with one input 
layer, one hidden layer of linear neurons and one output layer. 
Let the weights of the neural network between the input layer 
and hidden layer be denoted as Wih and weights between the 
hidden layer and the output layer be denoted as Who. Further, let 
the inputs to the neural network be denoted as a vector X, the 
intermediate outputs from the hidden layer neurons be denoted 
as a vector D and the actual output of the neural network be 
denoted as a vector Y. From the EBP equation, if F denotes the 
fitness function, the weight updation equations for Who and Wih 
are given by, 
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From Eq. (5) it can be noted that weight updation depends 
on the input vector X presented to the neural network. If such a 
neural network is to be used for optimization, then the question 
one can ask is what would be the inputs to this neural network, 
if the search parameters are its output? A possible immediate 
answer could be the optimization search parameters itself hence 
making it a Recurrent Neural Network (RNN) as the case with 
the Hopfield/Tank Neural Network (HTNN). It turned out later 
that this adoption was not the best solution although it 
performed the optimization. The final adoption will be 
discussed later in this section after highlighting the problems 
with the HTNN based adoption.  

There are three factors that can bring the weight updations 
of Eq. (5) to instability. They are 1) large inputs, due to the 
initialization at locations with large values, 2) large gradients, 
due to large steeps in the fitness function, and 3) large weights, 
due to large initializations of the weights. 

In optimization problems, the algorithms typically initialize 
optimization search parameters at random locations. In the case 
of our neural network optimizer, the initialization not only 
occurs with the optimization search parameter location but also 
with the weights of the neural network. If the randomly 
initialized optimization search parameter is presented as the 
input to the randomly initialized neural network, the output of 

the neural network will be another random optimization search 
parameter making the initial initialization worthless. Also since 
large weight initialization can cause instability in the EBP 
equation, initialization can be forced with smaller weights. 
Smaller initial weights in fact tend to drive the initial output of 
the neural network to small values and this poses a lack of 
controllability on the initialization, especially if the 
optimization problem is a constrained optimization problem.  

One possible approach to overcome this problem is to make 
the randomly initialized optimization search parameter the 
output of the neural network and find the corresponding input 
based on the randomly initialized weights. This, however, can 
be a problem if the weights are initialized to small values. The 
problem of singularity occurs. Therefore, the possible best 
approach is to initially train the neural network to equalize the 
output with the randomly initialized optimization search 
parameter presented as the input of the neural network.  

This, however, does not solve the problem of large values 
in the optimization search parameter even during the training 
for equalization. Therefore normalization of the initial 
optimization search parameter is essential to ensure stability of 
the equalization training process. Then the outputs of the neural 
network can be denormalized based on the initial optimization 
search parameter before being inputted to the fitness function. 
The normalization strategy minimizes the requirement for an 
equalization procedure each time the ACLA algorithm is 
invoked. An equalized neural network can be pre-trained 
beforehand, for any change in problem dimensionality, and be 
hardwired to the ACLA algorithm. To accommodate the 
normalization, the EBP equation given in Eq. (5) will need to 
be modified. If X0 is the initial optimization search parameter, 
then the denormalization weights G equals X0. Since these are 
weights following the output of the neural network, the 
modified EBP equation should contain the vector G. This is 
given in Eq. (6). 
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 In Eq. (6), if X0 was initialized to large values, it can also 
cause instability and so a factor k is introduced to abate the 
effect of large G only for the EBP equation.  
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A similar effect can be done for the large gradients ∂F/∂Y. 
This is given in Eq. (8). 
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 Assuming the above equations are used with the HTNN 
adoption, i.e. making the neural network a RNN along with 
EBP updation, the neural network was able to converge the 
output to the optimal solution. However, there was a problem 
when the optimization search parameters neared all zeros in a 
fitness function with non-zero optimal parameters. The ACLA 
algorithm updated its output very slowly even when a bias was 
presented at the input side. Therefore to overcome this problem 
it was decided that a vector of all ones be persistently applied 
to the input of the neural network throughout the optimization 
run, hence eliminating the RNN adoption. The pseudo-code of 
the ACLA algorithm is given in Fig. 3 and the neural network 
is shown in Fig. 4. Notice that only one neuron is used in the 
ACLA neural network. This is done to ensure minimal memory 
requirements for the algorithm.    

 

V. EXPERIMENTAL SETUP 
This section discusses the experimental setup made to test 

the ACLA algorithm. 

A. Benchmark Functions 
Two unimodal benchmark functions typically used for 

evaluating the PSO and GA algorithms were used to test the 
ACLA algorithm. They are the Sphere and Rosenbrock 
functions given in Eq.s (9) and (10) and shown in Fig. 5 and 
Fig. 6. These benchmark functions and their respective ranges 
were used by Venayagamoorthy in [11] and so we used the 
same.  
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B. ACLA Particle Trajectory on 2D Space 
In this subsection, the trajectory of the ACLA particle on 

2D versions of the benchmark problems will be shown. 

Fig.s 7 and 8 show the ACLA particle’s trajectory on 2D 
versions of the benchmark functions. The ACLA parameters, εk 
and εf of Eq.s (7) and (8), used were 10 and 100 respectively, 
and will be used throughout this paper. The learning 
coefficients η used were different for the different functions. 

Pseudo Code: 
 
Let us call the optimization search parameter vector a particle. Assume that
an equalized neural network is already trained and denote it as Xn = N(1)
with Xn denoting the normalized output. 
 

1) Initialize ACLA particle position X0. 
2) Set G = X0. 
3) Evaluate the gradient ∂F/∂X0 = (F(X0+hI) – F(X0))/h, where h is 

some small value s.t. h→0 and I  is the identity matrix. 
4) Apply Eq.s (7) – (8) to update the weights of the neural network. 
5) Calculate Xn = N(1) and X = GXn. 
6) Repeat steps 3 to 5 until termination criterion. 

 
Fig. 3.  Pseudo Code for ACLA algorithm. 

Fig. 4.  The ACLA Neural Network. 

Fig. 5.  The Sphere Function. 

Fig. 6.  The Rosenbrock Function. 
  

Fig. 7.  Example ACLA particle trajectory on the Sphere Function. 



For the Sphere Function, η of 0.01 was used and for the 
Rosenbrock Function, η of 0.0001 was used. The learning 
coefficient plays a vital role in the speed and stability with 
which the ACLA particle converges to the solution. It is 
problem dependent and the best learning coefficient can be 
found by trial and error. For example, the 2D Sphere Function 
can tolerate learning coefficients as large as 0.5 but the 
Rosenbrock Function can only tolerate learning coefficients as 
large as 0.0001. For higher dimensional versions of the 
functions, these may vary.  

From Fig.s 7 and 8, the ACLA particle was able to 
converge to the optimal solutions (0,0)  and (1,1) for the Sphere 
Function and Rosenbrock Function respectively. 

C. Test Results of ACLA Algorithm on Higher Dimensional 
versions of the Benchmark Functions  
In this subsection, the ACLA algorithm was tested on 

higher dimensional versions of the Sphere and Rosenbrock 
functions. The results obtained by the ACLA algorithm were 
compared with the results obtained by the traditional PSO, the 
SPPSO and the MVO algorithms. Table I and Table II show 
the test results for dimension of 10 and for dimension of 30 
respectively. For all the swarm based algorithms only two 
particles were used to match the ACLA algorithm’s memory 
requirements. From Fig. 4, it can be noted that the ACLA 
neural network needs memory equivalent to two particles. One 
for the Wih and one for the Who. The rest of the parameters of 
the PSO, SPPSO and MVO are explained in the references [1], 
[11] and [12] respectively.   

From Tables I and II, it can be noted that the ACLA 
algorithm has superior performance for the Rosenbrock 
Function and comparatively not a bad performance for the 
Sphere Function. For the Rosenbrock Function, the learning 
coefficient was manually varied in the specified ranges in 
Tables I and II to enhance the convergence rate of the ACLA 
particle. This is the significant advantage of the ACLA 
algorithm in that only a single parameter is required to tune the 
convergence rate on the run. This is in contrast to the swarm 
based algorithms that have three or more of such parameters. 
Tables I and II show proof that the ACLA algorithm is in fact 
capable of converging to the optimal solutions.  

TABLE I.  PERFORMANCE OF ACLA ON 10 DIMESIONAL BENCHMARK FUNCTIONS 

Function No. of 
Iterations 

ACLA PSO SPPSO MVO 

Learning 
 Coeff. 

Sample 
Result 

Parameter 

[w c1 c2 Vmax] 

Sample 
Result 

Parameter 
[w c1 c2 Vmax 

refresh] 

Sample 
Result 

Parameter 
[AF fs m] 

Sample 
Result 

Sphere 

30000 0.001 5.2659e-14 [0.8 2 2 8.02] 5.2187e-3 [0.8 2 2 4.23 500] 7.1327e-45 [1 1 1] 7.1234e-43 

30000 0.01 3.7209e-25 [0.7 2.5 2 9.52] 1.9028e-3 [0.7 2.5 2 1.74 500] 6.5542e-38 [1 1 3] 7.4471e-10 

30000 0.005 2.2443e-15 [0.9 2 2.5 1.79] 5.1114e-3 [0.9 2 2.5 3.88 500] 1.9579e-10 [1 1 5] 1.8481e-29 

Rosenbrock 

100000 1e-3 – 
5e-4 1.1395e-8 [0.8 2 2 4.32] 1.9261 [0.8 2 2 9.17 500] 5.2839 [1 1 1] 0.5472 

100000 5e-4 – 
1e-5 5.9484e-4 [0.7 2.5 2 5.72] 0.1235 [0.7 2.5 2 9.6 500] 3.4882 [1 1 3] 8.4954 

100000 1e-4 – 
1e-5 2.2483e-3 [0.9 2 2.5 5.85] 3.9624 [0.9 2 2.5 5.39 500] 8.9522 [1 1 5] 0.5514 

Fig. 8.  Example ACLA particle trajectory on the Rosenbrock Function. 

TABLE II.  PERFORMANCE OF ACLA ON 30 DIMESIONAL BENCHMARK FUNCTIONS 

Function No. of 
Iterations 

ACLA PSO SPPSO MVO 

Learning 
 Coeff. 

Sample 
Result 

Parameter 

[w c1 c2 Vmax] 

Sample 
Result 

Parameter 
[w c1 c2 Vmax 

refresh] 

Sample 
Result 

Parameter 
[AF fs m] 

Sample 
Result 

Sphere 

30000 0.001 1.9641e-16 [0.8 2 2 4.92] 0.3143 [0.8 2 2 3.17 500] 1.3351e-16 [1 1 1] 1.5141e-29 

30000 0.002 1.1006e-15 [0.7 2.5 2 1.97] 5.4594e-2 [0.7 2.5 2 9.89 500] 5.0041e-4 [1 1 3] 4.0563e-31 

30000 0.0005 1.0978e-13 [0.9 2 2.5 4.37] 0.3239 [0.9 2 2.5 1.15 500] 2.0048e-4 [1 1 5] 1.0967e-23 

Rosenbrock 

200000 5e-4 – 
1e-5 5.2745e-4 [0.8 2 2 2.65] 46.5901 [0.8 2 2 6.67 500] 26.7892 [1 1 1] 7.8927 

200000 2e-4 – 
1e-5 2.8575e-7 [0.7 2.5 2 4.76] 1.0441e+3 [0.7 2.5 2 6.46 500] 82.6185 [1 1 3] 5.6712 

200000 1e-4 – 
1e-5 2.7488e-5 [0.9 2 2.5 3.75] 1.6608e+2 [0.9 2 2.5 4.61 500] 50.8158 [1 1 5] 9.9696 



D. Convergence of the ACLA Algorithm towards Local 
Minima on Multimodal Benchmark Functions 
In this subsection, the ACLA algorithm’s capability to 

converge to the local minima on multimodal benchmark 
functions will be shown. 

The multimodal benchmark functions used in this setup 
were the Rastrigin and Griewank functions given in Eq.s (11) 
and (12) and shown in Fig.s 9 and 10.  
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    (12) 
The Griewank function of Fig. 10 seems to appear like a 

unimodal function as it resembles the Sphere Function. 
Actually, the Griewank Funcation is a coarse Sphere function 
with multiple subtle peaks and troughs.  

Fig.s 11 and 12 show the trajectory of the ACLA particle 
on a section of the Rastrigin and Griewank Functions. It can be 
noted that the ACLA particle successfully converged to point 
where the gradient is zero. 

 

VI. CONCLUSION AND FUTURE WORK 
The ACLA algorithm presented in this paper was 

developed based on the principles of Adaptive Critic Design 
(ACD). The algorithm proved to converge to the optimal 
solutions on unimodal benchmark functions. For the 
multimodal benchmark functions, the ACLA algorithm proved 
to converge to the local minima. The convergence was 
successful for both lower and higher dimensional versions of 
the benchmark function. To summarize the achievement of the 
work presented in this paper, 1) the ACLA algorithm uses a 
general neural network, unlike the Hopfield/Tank Neural 
Network, to find the optimal solution, 2) the ACLA algorithm 
uses the simple Error Backpropagation (EBP) algorithm to 
converge the neural network to the optimal solution, 3) the 
ACLA algorithm requires minimal memory requirements and 
4) the ACLA algorithm uses only a single parameter to tune its 
convergence rate. For future work, we are looking to develop 
the ACLA algorithm further to tackle multimodal problems. 
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Fig. 9.  The Rastrigin Function. 

Fig. 10.  The Griewank Function. 
  

Fig. 11.  Example ACLA particle trajectory on the Rastrigin Function. 

Fig. 12.  Example ACLA particle trajectory on the Griewank Function. 
  

Fig. 11.  Example ACLA particle trajectory on the Rastrigin Function. 
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