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Abstract. Parallel robots have inherent advantages for
many applications in the fields of robotics. They offer high
dynamic capabilities combined with high accuracy and
stiffness. There are a lot of performance criteria which have
to be taken into account and which are pose dependent. The
main idea of this paper is to present the fundamentals for a
performance evaluation of the 3 DOF Delta parallel robot.
Therefore we discuss a large number of performance criteria
dealing with workspace, quality transmission, manipulability,
dexterity and stiffness.
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1. INTRODUCTION

ARIOUS performance analyses for parallel robots

have been proposed in the literature. Early
investigations of robot workspace were reported by Merlet
[2], Kumar and Waldron [3], Tsai and Soni [4], Gupta [1]
and Roth [5], Sugimoto and Duffy [6], Gupta [7], and
Davidson and Hunt [8]. The consideration of joint limits in
the study of the robot workspaces was presented by Delmas
and Bidard (1995). Other works that have dealt with robot
workspace are reported by Agrawal [9], Gosselin and
Angeles [10], Cecarelli [11]. Various numerical methods
for determination of the workspace of parallel robots have
been developed in the recent years. For example, Stan [14]
presented a genetic algorithm approach for multi-criteria
optimization of PKM (Parallel Kinematics Machines).

The majority of numerical methods used for parallel
manipulator workspace boundary determination typically
rely on manipulator’s pose parameter discretization. [15,
16]. With the discretization approach, the workspace is
envisioned as the uniform grid of nodes in Cartesian or
polar coordinate system. Each node is then examined in
order to determine whether it belongs to the workspace or
not.

The paper presents several contributions. First, the paper
introduces some evaluation index metrics as the
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performance measure of the 3DOF Delta parallel robot.
Secondly, the dimensioning of the 3 DOF parallel robot of
type DELTA with revolute actuators for the largest
workspace, best stiffness and transmission quality is
presented. The results shown in this paper demonstrate a
novel approach that improves the workspace performances.

Section II describes the 3DOF parallel robot. The third
section introduces the performance evaluation indexes
under mathematical form. The fourth section presents the
performance evaluation results, while the final, fifth section
concludes this paper.

II. 3 DOF DELTA PARALLEL ROBOT

Parallel robots with 3 degrees-of-freedom are parallel
manipulators comprising a fixed base platform and a
payload platform linked together by three independent,
identical, and open kinematic chains (Fig. 1).

The DELTA parallel robot consists of a spatial parallel
structure with three degrees of freedom, and is driven by
three revolute actuators. The platform is connected with
each drive by two links forming a parallelogram, allowing
only translational movements of the platform and keeping
the platform parallel to the base plane.
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Fig. 1. Delta parallel robot with 3 degrees-of-freedom
(CAD model)



A. Mathematical model

To analyze the kinematic model of the parallel robot, two
relative coordinate frames are assigned, as shown in Fig.
2¢).

P

Fig. 2. Schematic diagram of DELTA parallel robot;
a) and b) mobile and fixed platform for DELTA parallel
robot; c) kinematic scheme of DELTA parallel robot

TABLE 1: CONSTRUCTION PARAMETERS.

Construction Li, Ri, li, ri, qi, i=1...31in
parameters [mm]
Parameterizatio AiBi=R1; BiCi=L1; CiDi=l1;
n DiEi=rl;

A static Cartesian coordinate frame XYZ is fixed at the
center of the base, while a mobile Cartesian coordinate
frame XpYpZp is assigned to the center of the mobile
platform. Bi, i = 1, 2, 3, and Di, i = 1, 2, 3, are: the joints
located at the center of the base, as presented in Fig. 2 a)
and b), and the platform passive joints, respectively.

B. Inverse Kinematics Problem of 3DOF Delta parallel
robot

Inverse kinematics problem results from determination of
angle values ¢, (i =1,2,3) when the position of the
characteristic point or the final effector (TCP — Tool Centre
Point), respective the general coordinates: x b Vpr 2,
For the solution of ¢, angle the next equations will be

used:
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Where @, , b, and ¢, variables will be used in final
equation that will solve ¢, angle, the angle from the first

link motor. For ¢, angle appears to be two solutions:

q, =—atan(c,,b) +a cos(a‘J )
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Fig. 3. Representation of the two solutions for the first
motor link of Delta parallel robot (4) and (5)

As it can be observed are admitted two solutions for two
possible position solutions for the first motor link. From
these two solutions it will be chosen the first solution
because with this one the result of the equation is the
correct value for our angle. The same procedure will be
applied to compute next two angles of the other two motor
links.

In conclusion, equations (%’%’%) represent the

analytic solutions for inverse kinematic models of Delta
parallel robot.

For the implementation and resolution of forward and
inverse kinematic problems of a parallel robot,a MATLAB
environment was chosen. This is where a user friendly
graphical user interface was developed, as well (Fig.4).
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Fig. 4. Graphical User Interface for IKP and workspace determination of 3 DOF Delta parallel robot

III. PERFORMANCE EVALUATION

In this paper, the local value of manipulability, dexterity,
stiffness and transmission quality index are defined as
measure to evaluate the performance of the 3DOF Delta
parallel robot. Another contribution is the determination of
the workspace by means of discretization method in
Matlab.

In addition to important design criterion such as the
workspace, another important criterion, transmission
quality index, has been considered. The transmission
quality index, 7, couples velocity and force transmission
properties of a parallel robot, i.e. power features [14]. Its
definition is:
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where [ is the unity matrix, and J is Jacobian matrix.

The values transmission quality index, 7, are within a
range 0<7<1, where 7=0 characterizes a singular pose and
T=1 characterizes an optimal value, therefore reflecting the

isotropy of the system [14]. Here ”J ” is calculated as:

7] = er(s 7w ); w=Lir
n

where 7 is the dimension of the Jacobian matrix, and / the n
x n identity matrix.

The manipulability condition number is a quality number
in the sense of Yoshikawa, can be defined in terms of the
ratio of a measure of performance in the task space and a
measure of effort in the joint space.

O]

M = det(J-J" (8)
If J is quadratic. Eq. (8) reduces to M=det(J). The goal is
to have a value of M as large as possible.
The stiffness condition number runs using the matrix K:

s=l k= He - o

If the guiding chains of the machine between frame and
working platform have different stiffness, the matrix K
must be replaced by the matrix:

K.=(JH'-Cc.J" (10)
where the diagonal matrix C contains the stiffness of the
single guiding chain. The reciprocal value of § is
between 0<1/8 <1 ; a singular pose is again

characterized by 1/.S = 0, whereas 1/ S =1 is the optimal
(isotropic) index.

C. Workspace evaluation

In this section, the workspace of the proposed robot will
be discussed in details. For a robot in the context of
industrial application and given parameters, it is very
important to analyze the area and the shape of its
workspace. Calculation of the workspace and its
boundaries with perfect precision is crucial, because they
influence the dimensional design, the manipulator’s
positioning in the work environment, and its dexterity to
execute tasks.

The workspace is limited by several conditions. The
prime limitation is the boundary obtained through solving
inverse kinematics. Further, the workspace is limited by the



reachable extent of drives and joints, then by the occurrence
of singularities, and finally by the link and platform
collisions. The parallel robot DELTA linear realizes a wide
workspace, as presented in Fig. 6. Analysis, i.e.
visualization of the workspace is an important aspect of
performance analysis. In order to generate a reachable
workspace of parallel manipulators, a numerical algorithm
was introduced. For the sake of simplicity, other design
specific factors such as the end-effector size, drive volumes
have been ignored. The following figures visualize the 3D
robot workspace (Fig. 5).
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Figures 7 & 8 demonstrate better performances in terms
of transmission quality of the DELTA parallel robot in the
central part of the workspace approaching to the isotropic
configuration.
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Fig. 7. Transmission quality index for DELTA 3 DOF
parallel robot, section through Z-plane, height 333mm.
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Fig. 5. Workspace for the DELTA 3 DOF parallel robot.

Ideally it’s preferred those criteria to be like:

1. transmission quality index —> T=1 the best value
and the maximum one;

2. workspace —> a higher value is desirable;

stiffness index —> a higher value is desirable;

4. manipulability index — a higher value is
desirable.

w

IV. PERFORMANCE EVALUATION RESULTS

In the following figures, the performances evaluation
throughout the workspace of the 3 DOF DELTA parallel
robot is presented.
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Fig. 6. Workspace for the DELTA 3 DOF parallel robot,
section through Z-plane, height 333mm.
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Fig. 8. Transmission quality index for DELTA 3 DOF
parallel robot, section through Z-plane, height 333mm.

When a robot architecture admits a condition number
equal to one, it is called an isotropic architecture, based on
the isotropy of its relative Jacobian matrix.

Stiffness is one of the most important performances of
parallel mechanisms, particularly for those which are used
as machine tools, because higher stiffness allows higher
machining speeds with higher accuracy of the end-effector.
Therefore, it is necessary to perform the stiffness modeling,
as well as the evaluation of the parallel robot in the early
design stage.

With regards to stiffness evaluation, several different
performance indices have been proposed and utilized in the
literatures.

A simple way to predict the stiffness is to use the
interested stiffness factors, i.e., the terms of the stiffness
matrix [14]. Figures 9 & 10 demonstrate better
performances in terms of stiffness of the DELTA parallel
robot in the central part of the workspace.
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Fig. 9. Stiffness index for DELTA 3 DOF parallel robot,

section through Z-plane, height 333mm.
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Fig. 10. Stiffness index for DELTA 3 DOF parallel robot,

section through Z-plane, height 333mm.

Furthermore, similar to the condition number of Jacobian
matrix, the condition number of the stiffness matrix was
introduced (Fig.9 & 10). Accuracy of the control of the
robot is dependent on the condition number of the Jacobian

matrix.
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Fig. 11. Condition number of Jacobian matrix index for
DELTA 3 DOF parallel robot, section through Z-plane,

height 333mm.
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Fig. 12. Condition number of Jacobian matrix index for
DELTA 3 DOF parallel robot, section through Z-plane,

It is

height 333mm.

well known that the numerical stability of the

mapping from end-effector velocity to joint velocity is
closely related to the kinematic performance of a robot.
This mapping is described by the so-called Jacobian matrix.

Thus,

closely relating the kinematic performance of a

robot to the numerical condition of its Jacobian matrix. The
performance of the robot is better, when the condition
number is smaller.
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Fig. 13. Manipulability index for DELTA 3 DOF parallel
robot, section through Z-plane, height 333mm.

Quite

all the performance criteria that are in use are

referred to the Jacobian matrix and to the condition number.

The evaluation of the parallel robots is the key issue for an
efficient use of parallel robots. This is a complex and hard
task. In the paper was presented a framework for the
performance evaluation considering basic characteristics

of:
[ )
[ )
[ )

This

workspace;

stiffness;

isotropy;

manipulability.

can be useful for future optimal synthesis of 3DOF

Delta parallel robot.
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Fig. 14. Manipulability index for DELTA 3 DOF parallel
robot, section through Z-plane, height 333mm.

V. CONCLUSION

The assessment based on manipulability, transmission
quality, stiffness, dexterity and workspace are defined to
evaluate the performance of the 3DOF Delta parallel robot.
The evaluation measures consist of the local
manipulability, local transmission quality, local stiffness
and local dexterity. The evaluation measures can be used as
the constraint criteria for future optimal synthesis of 3DOF
Delta parallel robot. The goal of the future optimization
will be to determine the dimensions and initial posture of
the 3 DOF Delta parallel robot that has the largest
workspace and isotropy status of performance. In the
future, it can be solved optimization for enlarging the
height of the workspace or for the optimal global
manipulability, global dexterity, global transmission
quality, global stiffness with expected workspace.
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