
Pebbling GraphsDavid MoewsDepartment of MathematicsHarvard UniversityCambridge, MA 02138December 17, 19951 Introduction.Consider an arbitrary digraph G, with pebbles placed on some of its vertices.Suppose that, for any directed edge (v; w) of G, we are allowed to changethe con�guration of pebbles by removing two pebbles from v and placingone pebble on w. Then for a vertex v of G, if n exists such that, howevern pebbles are placed on G, one pebble can always be moved to v, we letf(v;G) be the smallest such n. The pebbling number of an undirected graphG, f(G), is maxv2V (G) f(v;G). It is conjectured by Ronald Graham (see [1])that for all graphs G and H, f(G � H) � f(G)f(H). We will prove thiswhen G and H are trees, and compute f(G) exactly for some graphs G.2 Pebbling products.Let T be a tree and let v be a vertex of T . Let T �v be the rooted tree obtainedfrom T by directing all edges towards v. A path-partition of a rooted tree U isa partition of the edges of U such that each set of edges in the partition formsa directed path. A maximum path-partition of a rooted tree U with heightn is a path-partition P of U such that every path in P touches a leaf, and,for all 0 � m � n, if we consider the vertex-induced subtree U 0 of U inducedby the set of all leaves of level m or greater and ancestors of these leaves,1



then fP0 2 P jP0 � E(U 0)g is a path-partition of U 0. The path-size sequenceof a path-partition fP1; : : : ; Png is an n-tuple (a1; : : : ; an), where aj is thenumber of edges in Pj and the Pj's are ordered so that a1 � a2 � : : : � an.If we have a maximum path-partition P of a rooted tree U with height h, letU 0 be the subtree of U induced by all leaves of level h and their ancestors.Then some subset of P is a path-partition of U 0, so some path in P mustrun from a leaf of level h to the root. Hence if (a1; : : : ; an) is the path-sizesequence of a maximum path-partition of U , we must have a1 = h.If we have a digraph G with some pebbles placed on it, we let p be thetotal number of pebbles on G and q be the number of vertices of G with anodd number of pebbles. If G is a digraph and v is a vertex of G, we say that(G; v) can be (�; �; 
)-pebbled if1. For all m � 1, if p � �+(m� 1)�, then m pebbles can be moved to v.2. For all m � 2, if p+ q > 2
 + (m� 2)�, then m pebbles can be movedto v.Theorem 1 Let U be a rooted tree with root v and let G be a digraph withw a vertex of G. If (G;w) can be (�; �; 
)-pebbled, then (U �G; (v; w)) canbe (X + �; �2h; X +max(�; 
))-pebbled, whereX = 
 pXj=1 dj + � pXj=1(2dj � dj � 1);h is the height of U , and (d1; : : : ; dp) is the path-size sequence of any maxi-mum path-partition of U .Proof. We induct on h. If h is zero, the result follows trivially. Otherwiselet P be a maximum path-partition of U , and let U 0 be the subtree of Uinduced by the set of all vertices of level less than h. Then fP0 \ E(U 0) 6=;jP0 2 Pg = P 0, say, is a path-partition of U 0. It can easily be seen thatP 0 is maximum. Let v1; : : : ; vn be the vertices in U which are parents ofleaves of level h. Then in P 0 there is a path to each vj, Pj say; let aj bethe number of edges in Pj. If b1; : : : ; bm are the lengths of the remainingpaths in P 0, then the induction hypothesis says that ((v; w); U 0 �G) can be(X 0 + �; �2h�1; X 0 +max(�; 
))-pebbled, whereX 0 = 
( nXi=1 ai + mXj=1 bj) + � nXi=1(2ai � ai � 1) + � mXj=1(2bj � bj � 1):2



Now U can be obtained from U 0 by adding leaves to v1; : : : ; vn. Suppose weadd L leaves in all. Then the path-partition P must consist of the paths oflengths b1; : : : ; bm, combined with the paths P1; : : : ; Pn, each augmented byan edge from vj to one of its leaves, and L� n one-edge paths from the vj'sto their other leaves. Hence we haveX = 
( nXi=1 ai + mXj=1 bj + L) + � nXi=1(2ai+1 � ai � 2) + � mXj=1(2bj � bj � 1)= X 0 + 
L+ � nXi=1(2ai � 1):Now since P is maximum, the augmented Pj's together with these L� none-edge paths must form a path-partition for the subtree U0 of U inducedby the leaves of degree h and their ancestors. Hence if we let U 00 be thesubtree of U 0 induced by the vj's and their ancestors, the Pj's must form apath-partition of U 00. Then if we set G equal to the trivial graph and use theinduction hypothesis, since the trivial graph can be (1; 1; 1)-pebbled, we �ndthat U 00 can be (Q; 2h�1; Q)-pebbled, whereQ = nXi=1 2ai � n+ 1:Now, �rst, let m � 1. We will prove that if p � X +�+ �2h(m� 1), then mpebbles can be moved to (v; w). Let l1; : : : ; lL be the level-h leaves of U , andlet p0 be the number of pebbles in U 0 � G and pk be the number of pebblesin flkg �G, where 1 � k � L. De�ne q0 and qk similarly. Then ifp0 + LXk=1 pk � qk2 � X 0 + � + �2h�1(m� 1);we will be done, since for each vertex x 2 Lk, y 2 G, we can take two pebbleso� (x; y) and put one pebble on some (vi; y). Hence for each k, we can takepk � qk pebbles from flkg � G and move (pk � qk)=2 pebbles into U 0 � G.Then we will have a total of at least X 0+�+�2h�1(m�1) pebbles in U 0�G,and will be able to move one pebble to (v; w), by the induction hypothesis.Otherwise, since p � X + � + �2h(m� 1), we will haveLXk=1 pk + qk2 = p� p0 � LXk=1 pk � qk23



> (X + � + �2h(m� 1))� (X 0 + �+ �2h�1(m� 1))= (X �X 0) + �2h�1(m� 1);so LXk=1(pk + qk) > 2(X �X 0) + �2h(m� 1):Now for each k, if pk+qk > 2
+(r�2)�, we can take pebbles from flkg�G andmove r pebbles to (lk; w), by hypothesis. Hence if (pk+ qk�2
)=2� > r � 0,we can move 2r + 2 pebbles to (lk; w) and then r + 1 pebbles from (lk; w)into fv1; : : : ; vng � fwg, so we can move at least (pk + qk � 2
)=2� pebblesinto U 00 � fwg. But then, doing this for all k, we can put at leastLXk=1 pk + qk � 2
2�pebbles in U 00 � fwg, and thenLXk=1 pk + qk � 2
2� = PLk=1(pk + qk)� 2
L2�> 2(X �X 0) + �2h(m� 1)� 2
L2�= 2�Pni=1(2ai � 1) + �2h(m� 1)2�= nXi=1(2ai � 1) + 2h�1(m� 1)= Q� 1 + 2h�1(m� 1);so we can move m pebbles to (v; w), since U 00 can be (Q; 2h�1; Q)-pebbled.Now we will prove that for all m � 2, if p+ q > 2max(�; 
)+ 2X +(m�2)�2h, thenm pebbles can be moved to (v; w). If p0+q0 > 2max(�; 
)+2X 0+(m � 2)�2h�1, then we are done, by the induction hypothesis. Otherwise,suppose that for some l 2 f3; : : : ; mg,2max(�; 
) + 2X 0 + (l � 2)�2h�1 � q0 � p0> 2max(�; 
) + 2X 0 + (l � 3)�2h�1 � q0:4



Then we can move l � 1 pebbles to (v; w) in U 0 �G. Also, we havep + q � p0 � q0 > 2(X �X 0) + (m� 2)�2h � (l � 2)�2h�1= 2(X �X 0) + (2m� l � 2)�2h�1;so as in the �rst part, we can move b(2m� l � 2)=2c + 1 pebbles to (v; w),giving a total of$2m� l � 22 %+ 1 + l � 1 = m� 1 + l � & l2' ;but since l � 2, 1 + l=2 � l and we are done. If2max(�; 
) + 2X 0 � q0 � p0 � X 0 + �;then we can proceed as above with l = 2.Suppose �nally that p0 < X 0 + �. Then we claim that we can moveX 0+��p0 pebbles into U 0�G and still leave enough pebbles in (U nU 0)�Gto move m� 1 pebbles to (v; w). To move X 0 + � � p0 pebbles into U 0 � Gat all, we need to have LXk=1 pk � qk2 � X 0 + �� p0: (1)After moving c pebbles out of the flkg �G's, the qk's will still be the sameas before, because we remove pebbles by 2's, but the sum of the pk's willdecrease by 2c. Hence to have enough pebbles left over, we needLXk=1(pk + qk)� 2(X 0 + �� p0) > 2(X �X 0) + �2h(m� 2): (2)For (1) to hold, we needLXk=1 pk � LXk=1 qk + 2p0 � 2X 0 + 2�; (3)but LXk=1 pk � LXk=1 qk + 2p0 � p0 + q0 + LXk=1 pk � LXk=1 qk= p+ q � 2 LXk=1 qk� p+ q � 2LjV (G)j:5



Now if we put one pebble on each vertex of G, no movement can be done,so we cannot move 2 pebbles to any vertex. In this case p + q = 2jV (G)j.Hence 
 � jV (G)j, andLXk=1 pk � LXk=1 qk + 2p0 � p+ q � 2L
> 2max(�; 
) + 2X + �2h(m� 2)� 2L
:But X �X 0 � 
L, so (3) holds.For (2), we needLXk=1(pk + qk) + 2p0 > 2X + 2�+ �2h(m� 2);but this follows fromLXk=1(pk + qk) + 2p0 � LXk=1(pk + qk) + p0 + q0 = p+ q;so we are done.Theorem 2 If we have a graph G with a certain con�guration of pebbles anda vertex v of G and wish to move m pebbles to v, then there always exists anacyclic orientation H for G such that m pebbles can still be moved to v inH. Furthermore, if G is a tree, we can take H = G�v; hence for all trees Tand vertices v of T , f(v; T ) = f(v; T �v ).Proof. Suppose we have a graph G with pebbles on its vertices, andsuppose we wish to move m pebbles to v. Take a sequence of directed edges,(e1; : : : ; ep), where pebbling along each ej in sequence moves m pebbles to v.Now suppose we allow negative numbers of pebbles to reside on vertices, sothat pebbling along (x; y) is always possible, and subtracts 2 from the pebblecount on x and adds 1 to the pebble count on y. Then if, in (e1; : : : ; ep), we�nd an edge (x; y) followed by (y; x), or a cycle of directed edges, delete thepair or cycle. After pebbling along (e1; : : : ; ep) the counts are all nonnegativeand at least m pebbles end up on v. Deleting pairs or cycles only increasesthese counts, since a pair or cycle has the net e�ect of removing 1 pebblefrom each of its vertices. After we have deleted all pairs and cycles present,6



then, we are left with a sequence of edges (f1; : : : ; fn) that puts m pebbleson v when pebbled along, except that a pebble count on some vertex may betemporarily negative. But since there are no cycles present, if we order thevertices of G by v � w if there is an edge fj from v to w, and then take thetransitive closure, we obtain a partial order. Extend this to a linear order �of V (G). Then if we reorder the fj's such that (x; y) is placed before (z; w)if x � z, no edge (y; z) can occur before an edge (x; y), since if it did wewould have y � x and x � y. Hence in this reordering of the fj's, a vertexy is only pebbled out of after all pebbling into it has been done; then thereare no problems with intermediate counts being negative, and if we pick ourorientation H to have E(H) = f(x; y)jx � y; fx; yg 2 E(G)g; we will be ableto move m pebbles to v in H.If G is a tree, we can always choose to direct all edges towards v, for ifnot, let (x; y) be an edge directed away from v. Then no pebbles can everpass from the subtree of G rooted at y into the rest of G (which containsv), so any pebbling steps along (x; y) can be omitted without decreasing thenumber of pebbles arriving at v. Then if (x; y) is never pebbled, we mightas well direct it the other way. Repeating this, we can direct all edges in Gtowards v.If we have a digraph G with pebbles on its vertices, we denote the numberof pebbles on a vertex v of G by N (v).Theorem 3 Let G be a digraph and let S � V (G). If v 2 S andXd(w;v)<1; w2SN (w)2�d(w;v) < m; (4)then m pebbles cannot be moved to v by pebbling within S.Proof. The left-hand side of (4) cannot increase when a pebbling move ismade within S, since when we move from vertex w to vertex w0, d(w0; v) �d(w; v)� 1. But if m pebbles were on v, then the left-hand side of (4) wouldbe at least m, so we must not be able to move m pebbles to v.Theorem 4 Let U be a rooted tree and let v be the root of U . If the path-sizesequence of a maximum path-partition for U is (a1; : : : ; an), thenf(v; U) = nXi=1 2ai � n+ 1:7



Furthermore, U can be nXi=1 2ai � n+ 1; 2a1 ; 2a1 + nXi=2 2ai�1!� pebbled. (5)Proof. Let fP1; : : : ; Png be a maximum path-partition for U . The ajedges in Pj will touch aj +1 vertices. Let Qj � V (U) contain the aj of thesevertices furthest from v, and let vj be the vertex in Qj furthest from v. TheQj's are disjoint and do not contain v. Put 2aj � 1 pebbles on vj for eachj. With this initial con�guration of pebbles, we cannot move 2 pebbles fromQj to the vertex of Qj nearest the root (by Theorem 3), so we cannot movepebbles out of any Qj, and in particular, we cannot put a pebble on v, whichis not in any Qj. Hence f(v; U) > nXi=1 2ai � n:Now in Theorem 1, set G equal to the trivial graph. Then G can be (1; 1; 1)-pebbled, so (U; v) can be nXi=1 2ai � n+ 1; 2a1 ; nXi=1 2ai � n + 1!� pebbled. (6)In particular, f(v; U) is as desired. Now suppose we have put some pebbleson U . Since for every w 2 V (U) there is only one pebbling move that can bemade out of w, the number of pebbles we will be able to move to v will not beincreased if we take a pebble of some vertex w and put 2 pebbles on one of w'schildren (since we will just move them back to w), and it clearly will not bedecreased. Now if q > n, there are at least q � n nonleaf vertices containingat least one pebble; we can take one pebble o� each of these vertices and put2 pebbles on one of the children of each of these vertices without a�ectingthe number of pebbles we can move to v. But doing this increases p by q�n,and by (6), if p � nXi=1 2ai � n+ 1 + 2a1(m� 1);we can move m pebbles to v. Hence ifp+ q � nXi=1 2ai � n+ 1 + 2a1(m� 1) + n;8



we can also move m pebbles to v, so we can take2
 = nXi=1 2ai � n+ 1 + 2a1 + n� 1; or 
 = 2a1 + nXi=2 2ai�1;as desired.Theorem 5 If T1; : : : ; Tn are (undirected) trees, thenf(T1 � : : :� Tn) � f(T1) : : : f(Tn):Proof. We will show that for all vj 2 V (Tj),f((v1; : : : ; vn); T �1v1 � : : :� T �nvn) � f(v1; T �1v1) : : : f(vn; T �nvn): (7)This will imply the desired result, since by Theorem 2, f(v; T �v ) = f(v; T ),if T is a tree and v is a vertex of T . Theorem 1 tells us that for a digraphG and a vertex w of G, if (G;w) can be (�; �; �)-pebbled, then for a rootedtree U with root v, (U �G; (v; w)) can be (X; 2b1�;X)-pebbled, whereX = �( mXj=1 2bj �m+ 1);and (b1; : : : ; bm) is the path-size sequence of a maximum path-partition forU . Then X � 2b1�, so (U � G; (v; w)) can be (X;X;X)-pebbled, and byTheorem 4, X = �f(v; U). Then, since the trivial graph can be (1; 1; 1)-pebbled, we can induce to �nd that for rooted trees U1; : : : ; Un with rootsv1; : : : ; vn, ((v1; : : : ; vn); U1 � : : :� Un) can be (Y; Y; Y )-pebbled, whereY = f(v1; U1) : : : f(vn; Un):This implies (7), so we are done.3 Exact pebbling numbers.Let P �n be the digraph with V (P �n) = fp1; : : : ; png and E(P �n) = f(p1; p2); : : : ; (pn�1; pn)g:Theorem 6 Let U be a rooted tree and let v be the root of U . If the path-sizesequence of a maximum path-partition for U is (a1; : : : ; an), thenf((v; pm); U � P �m) = 2m�1+a1 + (m� 1) nXj=2 2aj�1 + nXj=2 2aj � (n� 1): (8)9



Proof. Setting G = U and U = P �n in Theorem 1, and using (5), we �ndthat the left-hand side of (8) is no bigger than the right-hand side. For theother direction, let Qj and vj be as in Theorem 4. Put 2aj � 1 pebbles on(vj; p1) and 2aj�1 pebbles on (vj; pk), where j = 2; : : : ; n and k = 2; : : : ; m.Also, put 2m�1+a1 � 1 pebbles on (v1; p1). Then we claim that no pebble canbe moved out of Qj�P �m, j = 2; : : : ; n, and that in (Q1[fvg)�P �m, no pebblecan be moved to (v; pm). This will imply that in (8), the left-hand side is atleast as big as the right-hand side. Suppose a pebble could be moved out ofQj � P �m for some j > 1. Then we would have to move two pebbles to some(wj; pk), where wj is the vertex of Qj nearest to v and k 2 f1; : : : ; mg. ButXx2Qj�P �m; d(x;(wj ;pk))<1N (x)2�d(x;(wj ;pk))= (2aj � 1)2�(aj�1)�(k�1) + k�2Xl=0 2aj�12�(aj�1)�l< 2�(k�2) + k�2Xl=0 2�l = 2;so by Theorem 3, this movement cannot be made. Hence no pebbles can bemoved out of Qj � P �m. Similarly, in (Q1 [ fvg)� P �m, Theorem 3 prevents apebble from being moved to (v; pn), so we cannot move a pebble to (v; pn),and we are done.Theorem 7 Let G be a graph of order m with diameter �. Then for n >3(2� � 1)m, f(Kn �G) = mn:Proof. Let G be a graph of order m with diameter �, and let n > 3(2��1)m. For all graphs H, f(H) � jV (H)j, so it is clear that f(Kn�G) � mn.Suppose there are at least mn pebbles on the vertices of Kn � G. We willshow that we can move a pebble to any (y; v) 2 V (Kn � G). If w 2 V (G)exists with Xx2V (Kn) $N (x; w)2 % � 2�; (9)
10



we will be able to move 2� pebbles to (y; w) and hence at least 1 pebble to(y; v). Hence we can assume that for all w,2� � 1 � Xx2V (Kn) $N (x; w)2 % � Xx2V (Kn); N (x;w)�2 N (x; w)� 12 :However, if (9) does not hold, there can be at most 2��1 x's with N (x; w) �2, so Xx2V (Kn); N (x;w)�2N (x; w) � 2(2� � 1) + (2� � 1) = 3(2� � 1):Then X(x;w)2V (Kn�G); N (x;w)�2N (x; w) � 3(2� � 1)m;so at leastmn�3(2��1)m vertices ofKn�G have exactly 1 pebble on them,and at most 3(2�� 1)m do not. But n > 3(2�� 1)m, so there must be somex 2 V (Kn) such that every N (x; w) = 1. Then since there are at least mnpebbles on Kn �G, if there is not already a pebble on (y; v), there must beat least 2 pebbles on some vertex, (�x; �w) say. Then we can move a pebble to(x; �w), and pebbling from (x; w1) to (x; w2), : : :, (x; wq�1) to (x; wq), where( �w = w1; : : : ; wq = v) is a path in G, we get 2 pebbles on (x; v), so we canmove a pebble to (y; v), as desired.Lemma 8 If we have put pebbles on the vertices of P �n in such a way thatnXi=1N (pi)2�(n�i) � 1;then we can pebble pn.Proof. By the same argument as in Theorem 4, whether or not we canpebble pn will be unchanged if we take a pebble o� pj and put two pebbleson pj�1. Doing this repeatedly, we getnXi=1N (pi)2i�1pebbles on p1. But by hypothesis, this number is at least 2n�1, so we canclearly pebble pn; hence we are done.Let Pm be the graph with V (Pm) = fp1; : : : ; pmg and E(Pm) = ffp1; p2g; : : : ; fpm�1; pmgg.11



Lemma 9 For all vertices x of Km, m � 3, we havef((p�+1; x); P ��+1 �Km) � 2�+1 + 2m� 5 (10)for all su�ciently large �.Proof. Let V (Km) = fx = x0; : : : ; xm�1g. We induce on �. Supposef((p�; x0); P �� �Km) � 2� + r. Then we will prove that, if � is su�cientlylarge, f((p�+1; x0); P ��+1�Km) � 2�+1 +max(r� 1; 2m� 5). This will give(10) for (even larger) su�ciently large values of �.Let f((p�; x0); P ���Km) � 2�+r, and let there be pebbles on the verticesof P ��+1 � Km. Let Sb = fp2; : : : ; p�+1g � Km, St = fp1g � Km. Let pb bethe total number of pebbles in Sb, pt be the total number in St, and de�neqt, qb similarly. Then if pb + pt � qt2 � 2� + r;we can �rst move (pt � qt)=2 pebbles into Sb and then pebble (p�+1; x0) inSb. Hence we can assume thatpt + qt2 > 2�+1 +max(r � 1; 2m� 5)� 2� � r� 2� � 1;so pt + qt > 2�+1 � 2 and hence pt + qt � 2�+1. Let� = qt + qb; � = pt � qt; 
 = pb � qb:Then qt � m so � = pt � qt � 2�+1 � 2m. Also,� + � + 
 = pt + pb � 2�+1 + 2m� 5: (11)Let Q = �+1Xk=1 N (pk; x0)2k�1:Then we will show that we can move pebbles until Q � 2�, at which point wewill be able to pebble (p�+1; x0), by Lemma 8. Let Tj = P ��+1 � fxjg. Thenpebbling from St into T0, we can get at least �=2 pebbles in T0. Pebbling12



from Sb, we can get at least 
=2 pebbles in T0, and since none of them are on(p1; x0), this increases Q by at least 
. For each j = 0; : : : ; m� 1, let �j bethe number of vertices in P ��+1 � fxjg with an odd number of pebbles, andlet �j be 2 bN (p1; xj)=2c. Then Q starts out with a value of at least 2�0 � 1.Hence after this pebbling, we haveQ � �2 + 
 + 2�0 � 1:Now � is even, so let � = 2�+1 � 2�, where � � m. Then 2� � Q �� � 
 � (2�0 � 1), so if we do not already have Q � 2�, we must have� 2 f1; : : : ; mg and 
 2 f0; : : : ; ��1g. From (11), � � 2m�5+2��
. Nowwe have �j pebbles left in Tj for j = 1; : : : ; m � 1, with at most one pebbleon each vertex. Our strategy for increasing Q will be to redirect some of thepebbles in St that were counted in � to pebble other Tj's instead of T0, sothat if we spend z pebbles from � in this manner, we can increase Q by morethan the z=2 we would have originally.Consider a Tj that has �j = k � 3 and pebbles on (pR1 ; xj),: : :,(pRk ; xj),where R1 < R2 < : : : < Rk. Now if we move 2Rk�1 � 2Rk�1�1 � : : :� 2R1�1pebbles onto (p1; xj) at the start, pebbling down Tj, we can move one pebbleto (pRk ; xj), and then one pebble to (pRk ; x0). This increases Q by 2Rk�1and uses 2Rk � 2Rk�1 � : : :� 2R1 pebbles from �. Hence it increases Q fromthe original estimate by 2Rk�1�1 + : : :+ 2R1�1 = Yj, say, and uses 2Rk � 2Yjpebbles from �. Now if Yj � m, we have enough pebbles in � to do this,since � � 2�+1�2m, and furthermore, increasing Q by m raises it above 2�,so we are done. If Yj < m, then we can move 2Rk�1�1� 2Rk�2�1� : : :� 2R1�1pebbles onto (p1; xj) at the start, pebble down Tj as before, and then pebblefrom (pRk�1; xj) to (pRk�1; x0). This increases Q from the original estimateby 2Rk�2�1 + : : :+ 2R1�1 � 2k�3 + : : :+ 20 = 2k�2 � 1and uses no more than 2Yj � 2m pebbles from �. Then ifXj 6=0(2�j�2 � 1) � � � 
 � (2�0 � 1) (12)we will be done for � large enough so that 2�+1 � 2m � 2m(m � 1). Thisis because the only positive contributions to the left-hand side of (12) comefrom Tj's with �j � 3. Then either some Yj � m and we will be done, or13



all Yj < m, so we will be able to increase Q by at least the left-hand side of(12), since � � 2m(m� 1), and we will be done. ButXj 6=0(2�j�2 � 1) + (2�0 � 1) � Xj 6=0(�j � 2) + �0= �� (2m� 2)� 2m� 5 + 2� � 
 � (2m� 2)= 2� � 
 � 3;so (12) will hold for � � 3.Suppose � = 1. Then 
 = 0. If �0 � 1, we already have Q � 2�. If�0 = 0, then, since m � 3, � � 2m � 5 + 2� � 
 = 2m� 3 > m� 1. Hencethere must be some �j � 2. Let �j � 2, and let there be pebbles at (pk; xj)and (pl; xj), where k > l. Now let us move 2k�1 � 2l�1 pebbles onto (p1; xj)at the start. Then pebbling down Tj, we can move a pebble to (pk; x0). Thisincreases Q by 2k�1 and uses 2k� 2l pebbles from �, and since � = 2�+1� 2,� is large enough to do this. Then we have increased Q by 2l�1 � 1 from itsoriginal estimate, so we are done.Suppose � = 2. Then if 
 = 1 and �0 � 1, we are done, and if �0 � 2,we are also done. Suppose either 
 = 1 and �0 = 0 or 
 = 0 and �0 = 1.Then � � �0 � 2m � 2. If there is some �j � 3, then the left-hand side of(12) will be at least 1, so we will be done. Otherwise, we must have �j = 2for all j 6= 0. Then if �0 � 2�, Q will be at least 2�, so we will be done.Otherwise � � �0 > 2� � 4, so there is j 6= 0 with �j > (2� � 4)=(m � 1).In particular, if � is large enough, �j � 2. Then if there are pebbles in Tjat (pk; xj) and (pl; xj), where k > l, moving 2k�1� 2l�1 pebbles onto (p1; xj)takes at most 2k � 2l � 2 pebbles from �, since we save 2 pebbles due to the2 pebbles already on (p1; xj) (unless 2k � 2l < 4, in which case k = 2 andl = 1, so that it takes just 1 pebble from �j.) In any case, � = 2�+1 � 4, sowe have enough pebbles to proceed as in the � = 1 case, and we can increaseQ by at least 1 from its original estimate, so we are done.Finally, suppose � = 2 and 
 = �0 = 0. Then �� �0 � 2m� 1. If thereis some j with �j � 4, or j and k with �j � 3 and �k � 3, then the left-handside of (12) will be at least 2 so we will be done. Otherwise, we must have�j = 3 for some j and �i = 2 for all other i 6= 0. Then if there are pebbles inTj at (pk; xj), (pl; xj), and (pr; xj), where k > l > r, moving 2k�1�2l�1�2r�1pebbles onto (p1; xj) will use only 2k � 2l � 2r pebbles from �; but this is no14



larger than 2�+1 � 6, so � is large enough to do this. Then this increases Qby 2l�1 + 2r�1 � 3 from its original estimate, so we are done.Lemma 10 Let G be a connected graph and let v be a vertex of G. Thenthere is an integer K(v;G) such that for all �,f((p�+1; v); P ��+1 �G) � 2�+h + (� + 1)K(v;G);where h = maxw2V (G) d(w; v).Proof. Let T be a spanning tree of G which preserves distances fromv. Then if (a1; : : : ; an) is a path-size sequence of a maximum path-partitionfor T , a1 = h, so applying Theorem 6 to T �v � P ��+1, we can set K(v;G) =Pni=2 2ai � n+ 1.Lemma 11 Let G be a connected graph with diameter h. Then for all suf-�ciently large �,f(P�+1 �G) = maxw2Q (f((p�+1; w); P�+1 �G)); (13)where Q is the set of vertices w of G such that there exists a vertex v of Gwith d(v; w) = h.Proof. Choose vertices v and w of G such that d(v; w) = h. If weput 2�+h � 1 pebbles on (p1; v), Theorem 3 shows that we cannot movea pebble to (p�+1; w). Hence the right-hand side of (13) is at least 2�+h.Let K = maxw2V (G)K(w;G), and let � be big enough so that 2��1+h �2h+1 + (� + 2)K. Now let j 2 f2; : : : ;�g, and �x v 2 V (G). We willshow that f((pj; v); P�+1 � G) � 2�+h. If we set S1 = fp1; : : : ; pjg � Gand S2 = fpj; : : : ; p�+1g � G, Lemma 10 implies that if there are at least2j�1+h+jK(v;G) pebbles on S1, we can pebble (pj; x), and if there are at least2�+1�j+h+(�+2�j)K(v;G) pebbles on S2, we can also pebble (pj; x). Henceto pebble (pj; x) it will do to have at least 2j�1+h+2�+1�j+h+(�+2)K(v;G)pebbles on G. But for j 2 f2; : : : ;�g,2j�1+h + 2�+1�j+h � 2h+1 + 2��1+h;so we only need to have 2h+1 + 2��1+h + (� + 2)K(v;G) pebbles on G,and this quantity is no larger than 2�+h by our assumption on �. Now15



f((p1; v); P�+1 � G) = f((p�+1; v); P�+1 � G) for all v 2 V (G). Togetherwith the above, this shows thatf(P�+1 �G) = maxw2V (G) f((p�+1; w); P�+1 �G):Now let v 2 V (G) have no w 2 V (G) such that d(w; v) = h. Then we musthave d(w; v) � h� 1 for all w 2 V (G), so by Lemma 10,f((p�+1; v); P�+1 �G) � 2�+h�1 + (� + 1)K(v;G);and this is also no larger than 2�+h. Hence we have (13), as desired.Theorem 12 For all m � 3 and su�ciently large �,f(P�+1 �Km) = 2�+1 + 2m� 5:Proof.(�): This follows from Lemmas 9 and 11.(�): We will show that f(P�+1 � Km) � 2�+1 + 2m � 5 for all � � 1.Let V (Km) = fx0; : : : ; xm�1g. Put 2�+1 � 3 pebbles on (p1; x0), 1 pebble on(p1; xj) for j = 1; : : : ; m� 1, and 1 pebble on (p�+1; xj) for j = 2; : : : ; m� 1.This gives a total of 2�+1 + 2m � 6 pebbles. We will show that with thisstarting con�guration of pebbles, we cannot pebble (p�+1; x1). Suppose wedid, in fact, have some sequence of moves that pebbled (p�+1; x1). Considerthe �rst pebbling move we make into fp�+1g � Km. If this move is onto(p�+1; xj), where 1 � j � m � 1, then 2 pebbles were on (p�; xj) prior tothis move. Otherwise the move is to (p�+1; x0), but putting a pebble on(p�+1; x0) does not enable us to do any pebbling from the bottom row, sothere must be some succeeding move into the bottom row. If the next moveinto the bottom row is onto (p�+1; xj), where 1 � j � m� 1, then 2 pebbleswere on (p�; xj) just before this move, and there would still have been atleast 2 pebbles on (p�; xj) prior to this move if we did not make the move to(p�+1; x0). Otherwise the move must be to (p�+1; x0), so if we omit the �rstmove to (p�+1; x0), we must have at least 4 pebbles on (p�; x0) before thismove. This shows that by pebbling only in fp1; : : : ; p�g�Km, we can either16



move 2 pebbles to (p�; xj), for some j 2 f1; : : : ; m � 1g, or move 4 pebblesto (p�; x0). But if we setQi = �Xj=1 2j�1N (pj; xi); i = 0; : : : ; m� 1; andQ = m�1Xi=1 max(Qi � 12 ; 0) + 12 �Q0 � 12 �we would then have Q � 2��1� 12 . Now since Qi does not increase when wepebble from some (xi; pj) to (xi; pj�1) or (xi; pj+1), Q does not increase either.But if we pebble from (xi; pj) to (xk; pj), where i; k > 0, then for some r > 0,Qi will decrease by 2r and Qk will increase by r; then max((Qi�1)=2; 0) willdecrease by at least (2r � 1)=2 and max((Qk � 1)=2; 0) will increase by atmost r=2, so the net change in Q is no larger than (1�r)=2 � 0. If we pebblefrom (x0; pj) to (xi; pj), i > 0, and Q0 decreases by 2r while Qi increases byr, then (1=2) d(Q0 � 1)=2e will decrease by r=2 and max((Qi � 1)=2; 0) willincrease by at most r=2, so Q does not increase. Finally, if we pebble from(xi; pj) to (x0; pj), i > 0, and Qi decreases by 2r while Q0 increases by r,then (1=2) d(Q0 � 1)=2e will increase by at most r=2 while max((Qi�1)=2; 0)will decrease by at least (2r� 1)=2, so the net change in Q is no larger than(1�r)=2 � 0. So Q never increases; but the initial value of Q is only 2��1�1,so we have a contradiction, as desired.Lemma 13 Suppose there are pebbles on P ��+1�Pr+1, and let N (p1; pj) = �jand P�+1i=1 2i�1N (pi; pj) = wj for j = 1; : : : ; r + 1. Suppose �1 + : : : + �r +�r+1=2 � 2�+r � Q, where Q � 2��1 � 2r�1. As well as the usual pebblingoperations, suppose that we either have that1. We can take 2k � R pebbles o� (p1; pl) and put 1 pebble on (pk+1; pl),for some �xed l and k with 1 � l � r, 1 � k � �, where R �Q � 2r,or2. For each j = 1; : : : ; r, we can take Pj � S = 2��r�1 pebbles o�(p1; pj) and distribute these pebbles on column j into a con�gurationwithP�+1i=1 2i�1N (pi; pj) = Rj, where wr+1+Prj=1(wj+Rj�Pj) � 2�+r.Then we can pebble (p�+1; pr+1), and furthermore, if in 1. we have �l �2k � R, or if in 2. we have some �j � Pj, then we can pebble (p�+1; pr+1)17



performing the special operation in 1. at the beginning of our pebbling, orperforming the special operation in 2. on P ��+1�fpjg at the beginning of ourpebbling.Proof. First, move b�r+1=2c pebbles onto (p1; pr) from (p1; pr+1). Thenwe have �1 + : : : + �r � 2�+r �Q. Now we have 2 cases corresponding to 1.and 2. in the statement of the lemma.Case 1.: For each j = 1; : : : ; r, we do the following, in order:Step (1). If j = l, expend 2k � R pebbles from (p1; pl) to put a pebble on(pk+1; pl).Step (2). If j � l, expend 2k pebbles from (p1; pl) to move a pebble to(pk+1; pj). This gives 2 pebbles on (pk+1; pj), so move a pebble to(pk+1; pj+1).Step (3). Pebble everything possible from (p1; pj) to (p1; pj+1).Let 
j be the number of pebbles on (p1; pj) before step (1). Letvj = 8><>: 0; j < l2k+1 � R; j = l2k; j > l:Then for steps (1)-(3) to be possible, we need to have 
j � vj for j = l; : : : ; r,and we will have
j+1 = �
j � vj2 �+ �j+1 � 
j � vj � 12 + �j+1;j = 1; : : : ; r. Then since 
1 = �1, we have
j � jXi=1 �i2�(j�i) � j�1Xi=1(vi + 1)2�(j�i):Now if �j+1 + : : :+ �r � 2�+1+r�(j+1), there are at least 2�+1+r�(j+1) pebblesin P ��+1 � fpj+1; : : : ; pr+1g, so we can pebble (p�+1; pr+1) within P ��+1 �fpj+1; : : : ; pr+1g, by Theorem 6. Hence we can assume that�1 + : : :+ �j � 2�+r �Q� 2�+r�j18



except that �1 + : : :+ �r � 2�+r �Q;so jXi=1 �i2�(j�i) � 2�(j�1)(2�+r �Q� 2�+r�j(1� �jr))where � is the Kronecker delta function. Then to satisfy 
j � vj for j =l; : : : ; r, we need to have2�(j�1)(2�+r �Q� 2�+r�j(1� �jr)) � j�1Xi=1(vi + 1)2�(j�i) + vj;but j�1Xi=1(vi + 1)2�(j�i) + vj = (2�1 + : : :+ 2�(j�1)) + (2k+1 � R)2�(j�l)+2k(2�(j�l�1) + : : :+ 1)� 1 + 2k+1 � R2�(j�l):Then R2�(j�l) �Q2�(j�1) � (R �Q)2�(j�1) � 2r2�(j�1) � 1;so it will do to have2�+r�(j�1) � 2k+1 + 2�+r�(2j�1)(1� �jr);or, since k � �, it will do to show that2�+r�(j�1) � 2�+1 + 2�+r�(2j�1)(1� �jr): (14)If j = r, this reduces to 2�+1 � 2�+1. Otherwise, � + 1 < � + r � (j � 1)and � + r � (2j � 1) < �+ r � (j � 1), so (14) holds, as desired. Hence wecan always perform the pebbling program outlined. After doing it, we willhave 
r+1 pebbles on (p1; pr+1), but
r+1 � r+1Xi=1 �i2�(r+1�i) � rXi=1(vi + 1)2�(r+1�i)� 2�r(2�+r �Q)� (1 + 2k �R2�(r+1�l))� 2� + 2�r(R�Q)� 1� 2k� 2� � 2k: 19



But we also have a pebble on (pk+1; pr+1), so by Lemma 8, we can pebble(p�+1; pk+1), as desired. Also, from above, it is clear that if �l � 2k � R, wecan perform operation 1. �rst, as desired.Case 2.: For each j = 1; : : : ; r, we do the following, in order:Step (1). Take Pj pebbles o� (p1; pj) and redistribute them.Step (2). Pebble from (p2; pj) to (p2; pj+1), : : :, (p�+1; pj) to (p�+1; pj+1)so that there is no more than one pebble left on each of (p2; pj), : : :,(p�+1; pj).Step (3). Suppose there are pebbles left on (pR1; pj),: : :,(pRk ; pj), where 1 <R1 < : : : < Rk. Then remove pebbles from (p1; pj) and pebble downP ��+1�fpjg until there are two pebbles on (pRk ; pj) and no pebbles on(p2; pj),: : :,(pRk�1; pj). This takes2Rk�1 � 2Rk�1�1 � : : :� 2R1�1 � 2�pebbles.Step (4). Pebble from (pRk ; pj) to (pRk ; pj+1).Step (5). Pebble everything possible from (p1; pj) to (p1; pj+1).Let 
j be as before. Then for steps (1)-(3) to be possible, the criterion is thesame as in case 1., except that we have vj = 2� + S for j = 1; : : : ; r. Hencewe need, for j = 1; : : : ; r,2�(j�1)(2�+r �Q� 2�+r�j(1� �jr)) � j�1Xi=1(vi + 1)2�(j�i) + vj= (1� 2�(j�1)) + (2� 2�(j�1))(2� + S)so it will do to have2�+r�(j�1) � 2�+r�(2j�1)(1� �jr) � 2�(j�1)Q+ 1 + (2� 2�(j�1))2� + 2S:Then 1 + 2�(j�1)Q+ 2S � 2��j + 2��r + 1� 2r�12�(j�1) � 2��j+1;20



so we need to have2�+r�(j�1) � 2�+r�(2j�1)(1� �jr) � 2�+1:But this is (14) in case 1., which has already been proven. Hence we cancarry out our pebbling procedure.Now in our pebbling procedure, step (1) increases wj by Rj � Pj, andsteps (2)-(5) have the net e�ect of increasing wj+1 by at least (wj � 1)=2,since we leave behind at most 1 pebble on (p1; pj) and no pebbles on anyother (pi; pj). Let �wj be the initial value of wj. Then after completing ourprocedure, we havewr+1 � �wr+1 + rXj=1 2�(r+1�j)( �wj +Rj � Pj � 1)� 2�r( rXj=1( �wj +Rj � Pj) + �wr+1)� (1� 2�r)� 2�r2�+r � (1� 2�r) = 2� � (1� 2�r)but since wr+1 is an integer, we have wr+1 � 2�, and by Lemma 8, we canpebble (p�+1; pr+1), as desired; also, if some �j � Pj, we can clearly performoperation 2. on P ��+1 � fpjg at �rst, as desired.A tree T is a caterpillar if there exists a path P in T such that no vertexin T has distance greater than 1 from P . A maximum-length path in acaterpillar T is a backbone for T . The backbone of T is unique, up to a choiceof initial and �nal vertex, so all backbones for T have the same number ofvertices. The vertices not in a backbone are called legs; there can be nolegs adjacent to the end-vertices of a backbone, for then the backbone wouldnot have maximum length. Note that this implies that a caterpillar with abackbone of 2 vertices must be just P2.Lemma 14 Let C be a caterpillar with m legs and a backbone B with r + 2vertices. Then for all end-vertices x of B and su�ciently large �, we havef((p�+1; x); P ��+1 � C) � 2�+r+1 + ��+ 22 �m:21



Proof. Let V (B) = fxr+2; x1; : : : ; xr+1 = xg and E(B) = ffxr+2; x1g; fx1; x2g;fx2; x3g; : : : ; fxr; xr+1gg. Let the legs of C be xr+3, : : :, xm+r+2. If r = 0,we must have C = P2, so our result follows from Theorem 6. Otherwise letr � 1. We induct on � as in the proof of Lemma 9. De�ne r, Sb, St, pt, pb,qt, qb, �, �, 
, �j, �j, and Tj, for j = 1; : : : ; m+r+2, as in Lemma 9, substi-tuting the graph C for the graph Km. Then we have qt � jV (C)j = m+r+2and as in Lemma 9, we can assume that � � 2�+r+1 � 2(m + r + 2). Also,�+ � + 
 = pt + pb � 2�+r+1 + ��+ 22 �m:Let X = r+1Xi=1 �+1Xj=1 N (pj; xi)2j�1:Then at the start, X is at leastr+1Xi=1(�i + 2�i � 1) � r+1Xi=1(�i + �i);and pebbling into [r+1i=1Ti = T , say, givesX � r+1Xi=1(�i + �i) + m+r+2Xi=r+2 �i2 + 
:Now if �j = N (p1; xj) after this pebbling, j = 1; : : : ; r + 1, we have�r+1 � �r+1; rXi=1 �i � rXi=1 �i + m+r+2Xi=r+2 �i2 ;so �1+ : : :+�r+�r+1=2 � �=2 � 2�+r�(m+r+2), so if we set Q = m+r+2,and � is big enough so that Q � 2��1� 2r�1, the �rst hypothesis of Lemma13 will be satis�ed. Then2�+r �X � 2�+r � �2 � 
 � r+1Xi=1 �i:If X � 2�+r, Lemma 13 says that we are done already (using condition 2.and setting all Pj=Rj=0). Otherwise, our strategy for pebbling (p�+1; xr+1)22



will be to �nd pebbling moves out of and back into T , and alternate movesto take before the initial pebbling into T , such that either condition 1. orcondition 2. of Lemma 13 is satis�ed. Satisfying condition 2. of Lemma 13will involve increasing X to at least 2�+r.Let j 2 fr+2; : : : ; m+ r+2g, and let k = �j. Also let xj be adjacent toxt in C, where t 2 f1; : : : ; rg, and let there be pebbles left in Tj at (pR1 ; xj),: : :, (pRk ; xj), where R1 < R2 < : : : < Rk. Then for l 2 f1; : : : ; k � 1g withRl+1 = Rl + 1, suppose that we move2Rl�1 � 2Rl�1�1 � : : :� 2R1�1pebbles onto (p1; xj). Then we can move one pebble to (pRl+1; xj) and thenone pebble to (pRl+1; xt), increasing X by 2Rl. We did this at the cost ofdecreasing �t by 2Rl � 2Rl�1 � : : :� 2R1 ;so we have a net increase toX of 2Rl�1+: : :+2R1. Suppose that k � (�+2)=2.Then if Rl > �� r �m� 1, we must havel � k� (�+1�Rl) > �+ 22 � (�+1)+ (�� r�m� 1) = �2 � r�m� 1:Hence for big enough �, 2l � 2 � Q+ 2r, and since2Rl � 2Rl�1 � : : :� 2R1 � 2Rl � (2l�1 + : : :+ 2)= 2Rl � (2l � 2);condition 1. of Lemma 13 is satis�ed and we are done. Otherwise Rl ��� r�m� 1. Then we have to move at most 2��r�m�1 � 2��r�1=(m+ 1)pebbles from �t, and by doing this we can increase X by2Rl�1 + : : :+ 2R1 � 2l�1 + : : :+ 21 = 2l � 2:Let y be maximal withRy+1 = Ry+1. Then there can be at most b(� + 1� Ry+1)=2cl's with Rl > Ry+1, so (y + 1) + ��+ 1� Ry+12 � � kand since Ry � y, k � y + 1 + ��� y2 � � 1 + �+ y2 ;23



so y � 2k ��� 2, and we can increase X by at least max(22k���2 � 2; 0),under the assumption that k � (� + 2)=2. But if k < (� + 2)=2, then thisis vacuously true, so for all j 2 fr+2; : : : ; m+ r+2g, we can increase X byat least max(22�j���2 � 2; 0): (15)If there is j 2 fr + 2; : : : ; m + r + 2g with �j � 1, let w be such a j.Otherwise let �j � 2 for j = r + 2; : : : ; m + r + 2. We wish to show thatfor some w 2 fr + 2; : : : ; m + r + 2g, we can increase X by at least �w � 1.Fix j 2 fr+ 2; : : : ; m+ r+ 2g, and suppose xj is adjacent to xq in C, whereq 2 f1; : : : ; rg. Let �j = k. Then if there are pebbles at (pR1 ; xj), : : :,(pRk ; xj), where R1 < : : : < Rk, and if, for some l 2 f2; : : : ; kg,�j � 2Rl�1 � : : :� 2R2�1 � 2R1�1(1� �1R1);we can pebble down Tj and move a pebble to (pRl; xj) and then pebble(pRl; xq). This increases X by 2Rl�1 as compared to the increase we wouldobtain otherwise of2Rl�2 � : : :� 2R2�2 � 2R1�2(1� �1R1);so there is a net increase in X of2Rl�2 + : : :+ 2R2�2 + 2R1�2(1� �1R1) � 2l�2 + : : :+ 1 = 2l�1 � 1:Since 2k�1 � k, we have dlog2 ke+ 1 � k, so let l = dlog2 ke+ 1. ThenRl � (� + 1)� (k � l) = � + 2� k + dlog2 keand if �j � 2�+1�k+dlog2 ke � 2Rl�1we can increase X by at least 2l�1 � 1 � k � 1.Now if�j < 2�+1��j+dlog2 �je for all j 2 fr + 2; : : : ; m+ r + 2g;we have m+r+2Xj=r+2 �j < 2�+1(m+r+2Xj=r+2 2��j+dlog2 �je):24



Now for integer x � 1, dlog2 xe � (x + 1)=2. Hencem+r+2Xj=r+2 �j < 2�+ 32 (m+r+2Xj=r+2 2��j=2):Now from (15), if some �j has22�j���2 � 2 � m+ r + 2we will be done, since we will be able to increase X above 2�+r and applyLemma 13. But then for j = r + 2; : : : ; m+ r + 2, we can assume that22�j���2 < m + r + 4;so for all j, �j < �+ 2 + log2(m+ r + 4)2 :Now m+r+2Xj=r+2 �j � 2�+r+1 + ��+ 22 �m� r+1Xi=1 �i � � � 
� ��+ 22 �m + 2(2�+r �X):Hence if X < 2�+r, we must have Pm+r+2j=r+2 �j � l�+22 mm. For su�cientlylarge �, then,8 + (m� 1) �+ 2 + log2(m+ r + 4)2 ! � m��+ 22 � ;so (�r+2; : : : ; �m+r+2) is majorized by(2; Y; �+ 2 + log2(m + r + 4)2 ; : : : ; �+ 2 + log2(m + r + 4)2 );where Y � 6. Hencem+r+2Xj=r+2 2��j=2 � 2�1 + 2�Y=2 + (m� 1)2�(�+2+log2(m+r+4))=4� 58 + (m� 1)2�(�+2+log2(m+r+4))=4� 0:99p2 ; for su�ciently large �,25



so thenr+1Xj=1 �j = � � m+r+2Xj=r+2 �j� 2�+r+1 � 2(m + r + 2)� 2�+ 32 0:99p2� 2�+r + 0:01 � 2�+1 � 2(m+ r + 2); since r � 1� 2�+r; for su�ciently large �.Then by Lemma 13 with condition 2. and Pj = Rj = 0 for all j, we are done.Hence we can assume that some j = w, say, has �j � 2�+1��j+dlog2 �je. Nowdecreasing �j by x is equivalent, for the purposes of Lemma 13, to decreasing�q by x=2, so if12 �2Rl�1 � : : :� 2R2�1 � 2R1�1(1� �1R1)� � 2Rl�1 � (Q + 2r);we can invoke condition 1. of Lemma 13, along with the fact that we canperform the special operation �rst. Otherwise,2Rl�2 � : : :� 2R2�2 � 2R1�2(1� �1R1) > 2Rl�1 � (m + r + 2 + 2r);so (m+ r + 2) + 2r > 2Rl�2 + : : :+ 2R2�2 + 2R1�2(1� �1R1)� 12 �2Rl�1 � : : :� 2R2�1 � 2R1�1(1� �1R1)�and if � is large enough, 2��r�1 � (m + r + 2 + 2r)(m + 1), so the cost to�q will not exceed 2��r�1=(m + 1).Now we show that we can increase X by a total of(�w � 1) + 20@ m+r+2Xj=r+2; j 6=w�j1A� 2m ��+ 22 � :If � is odd, d(� + 2)=2e = (� + 3)=2, andm+r+2Xj=r+2; j 6=wmax(22�j���2 � 2; 0) � m+r+2Xj=r+2; j 6=w(22�j���2 � 2)26



� m+r+2Xj=r+2; j 6=w(2�j ��� 3)= 20@ m+r+2Xj=r+2; j 6=w�j1A� 2m�+ 32 ;as desired. If � is even, d(� + 2)=2e = (�+2)=2. For even x, max(2x�2; 0) �x, so m+r+2Xj=r+2; j 6=wmax(22�j���2 � 2; 0) � m+r+2Xj=r+2; j 6=w(2�j ��� 2)= 20@ m+r+2Xj=r+2; j 6=w�j1A� 2m�+ 22 ;as desired.Now m+r+2Xj=r+2; j 6=w�j � ��+ 22 �m + 2(2�+r �X)� �wso we can increase X by at least4(2�+r �X)� �w � 1:But if 2�+r �X � �w � 1, we can increase X by �w � 1, making X � 2�+r,so we are done. Otherwise we can assume �w � 1 < 2�+r �X so �w + 1 �3(2�+r�X), and we can increase X by at least 2�+r�X. Furthermore, if wedo not satisfy condition 1. of Lemma 13, we can do so at a cost of Y1 pebblesfrom �a1 , : : :, Ym+1 pebbles from �am+1 , where each aj is in f1; : : : ; rg and allYj � 2��r�1=(m + 1). Hence condition 2. of Lemma 13 is then satis�ed, sowe are done.Theorem 15 Let C be a caterpillar with m legs and a backbone with r + 2vertices. Then for all su�ciently large �,f(P�+1 � C) = 2�+r+1 + ��+ 22 �m:Proof. 27



(�): C has diameter r+1, and vertices v and w of C have d(v; w) = r+1i� v and w are distinct end-vertices of some backbone. Hence Lemma 14tells us that for every vertex v of C such that a vertex w of C exists withd(w; v) = r + 1,f((p�+1; v); P�+1 � C) � 2�+r+1 + ��+ 22 �m:We can then apply Lemma 11 to get the desired result.(�): We will show that f(P�+1 � C) � 2�+r+1 + l�+22 mm for all � � 0.Let B be a backbone of C, V (B) = fx1; : : : ; xr+1; xr+2g, and E(B) =ffx1; x2g; : : : ; fxr+1; xr+2gg. Let the legs of C be xr+3,: : :,xm+r+2. Put2�+r+1� 1 pebbles on (p1; x1), and 1 pebble on (pj; xi) for i = r+3; : : : ; m+r + 2 and j = 1; 2; 4; : : : ; 2 b(� + 1)=2c. Then there are2�+r+1 � 1 +m���+ 12 � + 1� = 2�+r+1 � 1 + ��+ 22 �mpebbles on P�+1�C. We will show that we cannot pebble (p�+1; xr+2). LetQi = �+1Xj=1 2j�1N (pj; xi); i 2 f1; : : : ; m+ r + 2g;Q = r+2Xi=1 2i�1Qi:ThenQ starts out equal to 2�+r+1�1, and if there was a pebble on (p�+1; xr+2),Q would be at least 2�+r+1. But Q does not increase when we pebble withinP�+1 � B. We need to show that it does not increase at other times ei-ther. Fix i 2 fr + 3; : : : ; m + r + 2g, and let xi be adjacent to xq, whereq 2 f1; : : : ; r+2g. Now if we consider all the pebbling moves from P�+1�fxqginto P�+1�fxig, they must decrease Qq by 2r and increase Qi by r, for somer � 0. But if we increase Qi by r, wherer < 22j+1 � (1 + 2 + 8 + : : :+ 22j�1); j � 0;we will not be able to move a pebble to (p2j+2; xi) afterwards. This is because(p2j+2; xi), : : :, (p�+1; xi) each start with at most 1 pebble, and hence we28



can make no pebbling moves out of (p2j+2; xi),: : :,(p�+1; xi) until we pebble(p2j+2; xi), which will put 2 pebbles on (p2j+2; xi). Hence if we could pebble(p2j+2; xi), by Theorem 3, we would have2j+2Xk=1 N (pk; xi) � 2 � 22j+1;but 2j+2Xk=1 N (pk; xi) � r + 1 + 2 + 8 + : : :+ 22j+1 < 2 � 22j+1;so this is impossible. But if we cannot pebble (p2j+2; xi), then in movingpebbles out of P�+1 � fxig, we can only move out of (p1; xi),: : :,(p2j+1; xi),so we can decrease Qi by at most r+ 1+ 2+ 8+ : : :+ 22j�1 and increase Qqby at most (r + 1 + 2 + 8 + : : :+ 22j�1)=2. Then the net change in Qq is nobigger than�2r + r + 1 + 2 + 8 + : : :+ 22j�12 = �3r2 + 1 + 2 + 8 + : : :+ 22j�12 :Now let j � 0 be minimal with r < 22j+1 � (1 + 2 + 8 + : : : + 22j�1). Thenif j = 0, we have r < 1, so r = 0 and we clearly do not increase Qq, since wecan move no pebbles out of P�+1 � fxig. Otherwise,r � 22j�1 � (1 + 2 + 8 + : : :+ 22j�3);so �3r2 + 12(1 + 2 + 8 + : : :+ 22j�1)� �32(22j�1 � (1 + 2 + 8 + : : :+ 22j�3)) + 12(1 + 2 + 8 + : : :+ 22j�1)= 2(1 + 2 + 8 + : : :+ 22j�3)� 22j�1= 2 + 4 + 16 + : : :+ 22j�2 � 22j�1 � 0;so Qq cannot su�er a net increase after all pebbling out of P�+1 � fxig isdone. Considering all i and q, this means that the total value of Q can neverincrease, so we are done. 29
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