Fast-Track MBA Program

Module 5, Section 2

Production Theory and Costs of the Firm, Part I. Production Theory
Douglas D. Davis

October 11, 2002

Reading:  Chapter 5 in Managerial Economics and Business Strategy, 4th edition, by Michael R. Baye
Homework:  Graded Individual Assignment to be distributed at the end of class Saturday.

I. General Introduction and Preview. Economists, as you all know, proceed via models. Models are abstractions from reality constructed for the purpose of either predicting the response of a system to some underlying change or for the purpose of explaining how elements of a system fit together.

The “big show” in economics pertains to the competitive equilibrium predictions that arise from the interaction of the forces of market demand and market supply.  This simple model highlights the relationship between consumers and producers, and it also allows elegant and powerful predictive capabilities.
A. Overview of the Competitive Model. It is instructive to consider for a moment some of the elements in this model. 


1. Initial Abstraction: The world is divided into two kinds of agents

a. Households: Maximize utility subject to the diminishing marginal utility of additional consumption in a given time frame

b. Firms: Maximize profits subject to the law of diminishing returns or “crowding”

2. Markets. These forces meet in two distinct contexts:  

a. Output Market: Households acquire final goods and services from firms.  In this market households are demanders and firms are suppliers. 

b. Input Markets: Firms acquire inputs from households. In this market firms are the demanders and households are suppliers.

B. Inputs, Outputs and the Firm Behavior. In this lecture and the next we focus on the decisions for firms with respect to the use of inputs.
Example: Suppose that I decide to produce blueberry pies for sale outside the Commons each morning before classes.  I make the pies in my house each evening.  Consider the relationship between the number of pies manufactured and the price that I should charge for them.

	(a)

Inputs:

(Number of Workers)
	(b)

Outputs

(Number of Blueberry Pies)
	(c)

Marginal Pies
	(d)

Marginal Costs Per pie (Assume that labor costs $20 per unit, and that ingredients are free)

	0
	0
	
	

	1
	5
	5
	$20/5 =$4

	2
	15
	10
	$20/10=$2

	3
	23
	8
	$20/8 = $2.5

	4
	29
	6
	$20/6 = 3.33

	5
	33
	4
	$20/5 =$5

	6
	35
	2
	$20/2 = $10


We will develop more sophisticated examples presently.  But observe the following.

1) Diminishing Returns. Given a fixed factor (productive element) Extra units of labor contribute less to total output, due to crowding. Formally:

The Law of Diminishing Returns:  Holding fixed at least one factor of production, constant increments of variable inputs eventually yields decreasing increments to outputs.  
This is the notion that drives all supply behavior.  Critically, the law of diminishing returns has nothing do to with the quality of inputs. Inputs are presumed to be homogeneous. The problem is that they hit a “bottleneck”

2) Production decisions. Compare columns (a) and (c). Graphically, we have the following.
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This allows some insight into the input purchase decision for the firm.  Notice that the Marginal Productivity of Labor (our variable input) diminishes as extra units are hired.  This diminishing marginal productivity drives our discussion of production theory. 

3) Output Decisions and Supply for a Firm. Comparing columns (b) and (d) observe that in a given time frame, crowding causes the marginal costs of output to increase, because more labor (variable input) is “imbedded” in each unit of output.  Graphically, we have the following
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This direct relationship between the marginal costs of product and costs drives a firm’s the supply decisions.

C) Preview. Our objective is to explore formally the relationships between inputs, outputs and the law of diminishing returns.

1. Production Theory Our objective today is to consider what kinds and quantities of productive inputs a firm should use.  This is called production theory
2. Costs.  Tomorrow morning we turn to output market, and address the issue of how much output should a firm produce, given that resources are hired optimally. This is know as the theory of the firm.
3. Final Observation:  This is “nuts and bolts” material. Unfortunately, it does not lend itself to cases and discussion as well as do some other topics.  My project here is to convey some feel for how portions of the production process and costs for the firm interrelate. This provides a perspective critical for making managerial decisions across divisions of a firm 
II. Production Theory. 

A. Overview and the Production Function.   Production has two dimensions: Planning (or deciding what types of fixed productive assets to acquire), and Operating.  
1. Operating Decisions. In the operating horizon, the manager has two functions in production.  These are much easier to articulate than to do

- Produce on the Production Function.  A production function illustrates the maximum amount of output feasible given a particular set of inputs.  As we discussed in detail last time, if the workers do not work to maximum capacity, less will be produced.  Similarly, production will suffer if inputs are acquired inefficiently (either with respect to input prices or with respect to the reliability of supply).  

-. Use the Right Level of Inputs. The manager must decide the optimal amount of variable inputs to use.  (The right number of sales people, or waiters, etc.) To analyze this question, we must characterize the productivity of inputs. That is our project in this this afternoon’s class. 

2. The Production Function. We start by characterizing the way that inputs are converted in to units of output.  The process is represented by a production function, which illustrates the maximum amount of output available for a given combination of inputs.  Although the production function that is appropriate for a particular circumstance is particular to that firm, the general issues underlying production analysis are illustrated by considering a generic production function


Q
=
 F (K, L)

Where 

Q
= units of output



K
= units of capital input (typically machines of some sort)



L
= units of labor input.

Notice that although this function is generic, it is not a poor general description of the production process.  Most typically, production requires some combination of machines and labor. 

Time Horizon: Economists often find it convenient to divide input allocation decisions into two parts.  The parts are distinguished by time frame.  In a short run some factors of production (usually capital) are fixed.  In the long run, all factors are variable.  Thus, the short run is an operating horizon, where the optimal amount of variable inputs are chosen.  In distinction, the long run is a planning horizon, where all inputs are variable. 

Observation: The amount of time necessary to define the short run varies across industry.  The short run in steel production, for example, is a much longer period of time than the short run for a pizza maker.  Nevertheless, in either environment, within the short run the same sort of issues are relevant.

B. Operating (Short Run) Decisions.  As just mentioned, in the short run some factors are fixed.  Let us assume that K, capital is fixed at level K*, or 



Q
=
F(K*,L)

Then, the relevant problem is to determine the optimal amount of variable input L.  To answer this question, consider the following production relationship


	K*
	L
	(L
	Q = TP
	(Q/(L = MPL
	Q/L = APL

	2
	0
	-
	0
	-
	-

	2
	1
	1
	76
	76
	76

	2
	2
	1
	248
	172
	124

	2
	3
	1
	492
	244
	164

	2
	4
	1
	784
	292
	196

	2
	5
	1
	1100
	316
	220

	2
	6
	1
	1416
	316
	236

	2
	7
	1
	1708
	292
	244

	2
	8
	1
	1952
	244
	244

	2
	9
	1
	2124
	172
	236

	2
	10
	1
	2200
	76
	220

	2
	11
	1
	2156
	-44
	196


Notice in the above relationship that K is fixed at 2 units.  If PK= $100 per day, then fixed costs = $100*2 = $200.

1. Measures of Productivity.  Now let’s consider the variable input.  First, we must define some terms.

Total Product: (TP) is simply the maximum total output available from a given combination of inputs. 

Average Product (AP) is the average output for all units of a given input.  In the above table the average product of the variable input labor



APL = Q/L

Marginal Product (MP) is the change in output associated with the use of an additional input unit.  The the above table the marginal product of labor, is



MPL = (Q/(L

Observation: Diminishing Marginal Productivity :  As is the case in much of economic analysis, marginal decisions play a pivotal role in production analysis.  In the table, notice that MP first increases, then decreases.  This is the same typical pattern we saw in the introduction:  As a few resources are hired, there are gains from specializing the use of these inputs (for example, by dividing tasks and creating an assembly line).  After a while, however, factors begin to experience some crowding (e.g., workers on the line start getting in each others way.)  Thus, declining marginal productivity is a consequence of the law of diminishing returns.  Eventually, crowding becomes so severe that marginal productivity is negative.  In this case, total output actually falls as extra units of input are hired.  No rational manager would use resources to the point of negative marginal productivity.

But notice also, that diminishing marginal productivity is not a consequence of “worse” or “lazy” workers. Rather it is a consequence of crowding.

2. Relationships between Productivity Measures.  The productivity measures are related systematically.  These interrelationships can be seen by plotting the curves suggested in the above table.  







             Increasing       Decreasing          Negative


   Marginal         Marginal            Marginal

             Returns           Returns              Returns

In the upper panel of the figure: Marginal Productivity is illustrated as the slope of the line tangent to the total product curve.  Notice that the curve first increases at an increasing rate (reflecting gains from specialization), then increases at a decreasing rate (the law of diminishing returns) finally peaks out and decreases (indicating negative marginal productivity).

In the lower panel notice the following

a. The marginal schedule also reflects the combination of first increasing marginal returns, then decreasing marginal returns, and finally negative marginal returns.  

Observation: An optimizing firm will always produce in the range of decreasing marginal returns to labor.  Reason:  A firm would never stop where there are increasing marginal returns, because if it is profitable to hire a worker who makes 6 units per hour, it should be profitable to hire a worker who makes more than 6.  Similarly, a firm would never stop when there are negative marginal returns, because output could be increased by laying off workers and cutting production expenses.

b. The relationship between marginal and average.   Note the relationship between the MP and the AP curves.  The marginal curve drives the average curve.  This is a general relationship and we will see it often.


Motivation:  Consider the grades of a representative VCU undergraduate.


Semester

MGP

Overall GPA


    0





    1


3

3/1


    2


3

6/2


    3


2

(3+3+2)/3 

= 2.67


    4


1

(3+3+2+1)/4 
= 2.25


    5


2

(3+3+2+1+2)/5 
= 2


    6


4

(3+3+2+1+2+4)/6= 2.5

Intuition:  The average conveys the same information as the marginal, but it is a less volatile measure.  The average carries the weight of all previous semester’s grades.

Rule:  When the marginal is below the average, it pulls the average down, when the marginal is above the average, it brings the average up.  

3. Valuing Inputs. To decide the appropriate level of a variable input to use, simply convert productivity into value. Do this by multiplying marginal productivity in units, by the value of the units.

For labor.


VMPL = PQ(MPL).

(Similarly, for capital VMPK = PQ(MPK).

The optimal hiring decision for labor can be seen by modifying the production function above.  Suppose that output sells for $3 per unit, and that labor costs  $400 per week.  Then the following relationship applies.
	L
	P
	    MPL
	VMPL
	Labor Unit Cost

	0
	3
	     -
	
	

	1
	3
	76
	228
	400

	2
	3
	172
	516
	400

	3
	3
	244
	732
	400

	4
	3
	292
	876
	400

	5
	3
	316
	948
	400

	6
	3
	316
	948
	400

	7
	3
	292
	876
	400

	8
	3
	244
	732
	400

	9
	3
	172
	516
	400

	10
	3
	76
	228
	400

	11
	3
	-44
	-132
	400


Graphically
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Rule: Profit Maximizing Input Usage:  To maximize profits a manager should use an input L up to the point where VMPL is as close to w as possible without w exceeding VMPL. 

4. Labor (Input) Demand and Comparative Statics. A firm’s labor (input) demand schedule is the VMP schedule to the right of the peak.  One can predict the effects of changes in input prices, output prices or technology on optimal input use for a firm.

a. The VMP = MPLPQ.  Thus, an increase in output price PQ, or an improvement in technology that enhances marginal productivity (MPL) will shift the demand for labor out (up).  Output price reductions and factors that reduce marginal productivity (inflexible union work rules, cumbersome safety equipment) will shift the demand for labor in (down). 

b. If labor supply is competitive, the firm can hire as many units as it wishes at the market price.  Thus the labor supply schedule is horizontal.  Notice that changes in wages shift the labor supply schedule up and down.

Example: Illustrate the following:

- The effects of a successful strike for higher wages on optimal labor use.

- The effects of a reduction in the price of output on labor use.

- The effects of new safety regulations that require workers to take a 15 minute break each hour. 

C. Long Run (Production) Decisions.  Now consider the problem of optimal resource use in an environment where all resources are variable.  In terms of our two-factor production function, this means that both K and L may vary.

1. Algebraic Forms of Production Functions.  The inter-relationships between these factors hinges on the nature of the production function.  So prior to considering this problem, we consider some possible production function specifications.

Linear Production Function.  One simple specification is the case where output may be produced by either capital or labor, perhaps at different rates.  In general this would be written:


Q
=
F(K,L)

=
aK
+
bL

Example.  Suppose that an electricity generating facility can produce 1 KW of electricity using either 4 cubic meters of natural gas, or one ton of  coal. Thus, 

Q
=
F(G,C)

=
4G
+
C
Leontief Production Function.  Another specification useful in some circumstances is the case where output may be produced only with a fixed combination of inputs. This is also call a fixed-proportions production function.


Q
=
F(K,L)

=
min{bK, cL}

Example.  Suppose that typed documents are produced by secretaries working at word-processors.  One secretary can work at exactly one word-processor.  An extra word-processor without a secretary will not increase productivity.  Similarly, an extra secretary without a word processor will not increase output. (In this case b = c). 
Suppose a secretary with a word processor can produce 1 paper an hour. How many papers could 6 secretaries and 8 word processors produce?  How would this differ from the output of 8 secretaries and 6 word-processors.

Cobb-Douglas Production Function.  A third general specification is the case where different combinations of output may be used to produce a given input, but where the inputs are imperfect substitutes.  For example consider the problem of using labor and cloth to cut clothes patterns.  One could economize on labor by having workers not worry about waste cloth.  On the other hand, one could get a similar output, with far less waste, but with far higher labor costs by having labor cut with extreme care.  One way to characterize this type of relationship as follows:


Q
=
F(K,L)

=
KaLb
Example.  Suppose that a = b= 1/2.  Then 


Q
=
F(K,L)

=
K1/2L1/2
Algebraic Measures of Productivity. Notice that TP and AP relationships may be readily calculated from the algebraic production function.  For instance, using the above Cobb-Douglas function, if the firm used K=9 and L = 4, then

Q
=
F(K,L)

=
(9)1/2(4)1/2




=
(3)(2)
=
6

The average productivity of Labor and Capital in this circumstance are

APL= 6/4
=1.5

and APK= 6/9
=.67

Marginal productivities can be calculated as derivatives (for the linear and Cobb-Douglas cases.

Marginal Product for a Linear Function.  If 


Q
=
aK
+
bL

Then the marginal productivities of K and L are, 

(Q
=
a
and
(Q
= 
b

(K



(L

Marginal Product for a Cobb-Douglas Function. If 


Q
=
KaLb
Then the marginal productivities of K and L are, 

(Q
=
a Ka-1Lb
and
(Q
= 
b KaLb-1
(K




(L

Comments:

- I will not ask you to do such calculations in your homework.  However, I do want for you to understand how marginal productivities are derived from a production function. 

2. Long Run Production.  Isocosts and Isoquants.  To consider the optimal mix of multiple inputs, it is necessary to evaluate the productivity of different input combinations in terms of their costs.  For the case of two inputs, this may be done graphically, with the development of isoquant and isocost curves.

a. Isoquants  The collection of all input combinations that can be used to produce a given level of output.  The shape of the an isoquant depends on the nature of production

	K


	                        Q1
	K
	                              Q1 
	K
	                            Q1

	
	                            L
	
	                                 L   
	   
	                             L


       Linear Production               Leontiff Production                  Cobb-Douglas Prod.

       (Perfect Subs.)                    (Fixed Proportions)                  (Imperfect Subs.)

i) Notice that to produce a higher output, more inputs must be used, so the curves radiate out as Q expands. 

ii) The slope of the isoquant is easily developed from the linear case.




Q = aK + bL



Solving for Slope-intercept form:



K = Q/a - (b/a)L

Recalling that 


MPK = a 
and MPL = b, it follows that

Slope equals
-MPL/MPK
This ratio is called the Marginal Technical Rate of Substitution
iii) The case illustrated by the Cobb-Douglas function is perhaps the most general. This case illustrations the notion of a diminishing MTRS.


b. Isocost Curve: A curve indicating all input combinations that can be purchased for a given budget 

i) Most typically, inputs can be purchased for fixed prices.  Thus, algebriacally:  



I = rK + wL


ii) Solving for slope intercept form



K = I/r - (w/r)L


iii) Graphically

	K
	               -(w/r)

                                  I 

	
	                                              L


iv) Notice that larger budgets permit the use of more inputs.  The curves radiate outward as the budget is increased.

c. Minimum Cost Production.  The least costly method of producing an output level Q is the point where the isoquant is tangent to the isocost curve closest to the origin:

i. Graphically
	K

7


	                                                 Qo
                                  I 

	
	            5                                 L


In the above example, 5 units of Labor and 7 units of capital are optimally used to product Qo.

ii) Notice that at this point, -MPL      =    -w



         MPK

r

This suggests the rule for optimal resource use:  Hire all resources until the Marginal product per dollars worth is equal for each input. or until





MPL
=
MPK




 w

 r, 

Example:  Jones & Printing Co. is presently paying $10 per hour for labor, and $5 per hour for Printing Machines.  
- If the Marginal Productivity of labor is 100 pages per day, and the marginal productivity of machines is 150 per day is it using a least cost combination of inputs?  

- If not which machines should be used relatively more?
Example: Suppose that Randolph Tire Co. Currently uses Labor and Rubber Banding Machines to finish tires.  Suppose that labor is negotiating its contract, and asks for a 33% increase in salary.  Management argues that the consequence of such a wage increase will be a sharp reduction in the number of employees. Employees don’t believe management. They firmly believe that management will continue to employ the same number of workers even after a substantial wage increase.

Using isoquant/isocost curves illustrate how the difference of opinion between management and labor is an empirical one regarding the MTRS.
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