Fast-Track MBA Program

Module 5, Section 2

Costs and the Theory of the Firm. 

Douglas D. Davis

October 11, 2002

Reading:  Chapter 5 in Managerial Economics and Business Strategy, 4th edition, by Michael R. Baye
Homework:  Graded Individual Assignment to be distributed at the end of class.
Review

I. Production Theory

A. Short Run Production 

1. Marginal, Average and Total Product.

2. Optimal use of a single input.

3. Comparative Statics Effects. 

B. Long Run Production

1. Production Functions.

2. Isoquants and Isocost Curves

3. Optimal use of Multiple Inputs
Preview

II. Costs and the Theory of the Firm
A. The relationship of production functions to cost functions.


B. Short Run Costs. 



1. Cost curves



2. Sunk vs. Variable Costs


C. Long-Run Costs



1. Long Run Average Costs



2. Economics of Scale


D. Multiple Output Cost Functions



1. Economies of Scope



2. Cost complementarities



E. Optimal Output Decisions for a Competitor
1. Short Run

2. Intermediate Run

3. Long Run

F. Optimal Output Decisions for a Monopolist

II. Costs and the Theory of the Firm
A. The Relationship of Production Functions to Cost Functions. To provide some context for today’s discussion, consider again the problem of producing blueberry tarts in my house.  We developed the following relationship.

	(a)

Inputs:

(Number of Workers)
	(b)

Outputs

(Number of Blueberry Pies)
	(c)

Marginal Pies
	(d)

Marginal Costs Per pie (Assume that labor costs $20 per unit, and that ingredients are free)

	0
	0
	
	

	1
	5
	5
	$20/5 =$4

	2
	15
	10
	$20/10=$2

	3
	23
	8
	$20/8 = $2.5

	4
	29
	6
	$20/6 = 3.33

	5
	33
	4
	$20/5 =$5

	6
	35
	2
	$20/2 = $10


Yesterday, we focused on the relationship between the number of workers (column a) and the marginal productivity of those workers (column c).  A closely related question pertains to the relationship between the number of pies made (column b) and the marginal costs of making pies (column d). 

Observations

- After exhausting gains from specialization the relationship between units of labor and marginal productivity is inverse.  This motivates the labor demand curve we developed last time in class. 
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- Conversely, the marginal cost curve first falls, and then, upon exhausting gains from specialization, increases. 
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- Intuitively, marginal costs increase as Marginal productive decreases, because the marginal productivity increases imply that more labor is “imbedded in each unit of output. 

Today we focus on this latter view of the relationship between inputs and outputs.  We start with the single output case, first in the short run, and then in the long run.  Then we consider some aspects of costs in a multi-product environment. Finally, we consider optimal production decisions.

Costs and the supply curve for the firm.  

B. Short Run Costs.  Recall that the short run is defined as a timeframe where there are unavoidable input commitments, as well as variable inputs.  The short run cost function may be used to describe this relation.  This function consists of two components.

Fixed costs:  Costs associated with fixed input commitments.  These costs do not change with the level of output

Variable costs:  Costs associated with the variable components.  These costs vary with the level of output.

1. Total cost relationships. One way to represent these costs is in terms of total expenditures.  For example, consider the following table, where K is fixed at 2 and where L can vary

	K
	      L
	       Q
	      FC
	     VC
	      TC

	
	
	
	 (K*1000)
	 (L*400)
	 FC + VC

	2
	0
	0
	2000
	0
	2000

	2
	1
	76
	2000
	400
	2400

	2
	2
	248
	2000
	800
	2800

	2
	3
	492
	2000
	1200
	3200

	2
	4
	784
	2000
	1600
	3600

	2
	5
	1100
	2000
	2000
	4000

	2
	6
	1416
	2000
	2400
	4400

	2
	7
	1708
	2000
	2800
	4800

	2
	8
	1952
	2000
	3200
	5200

	2
	9
	2124
	2000
	3600
	5600

	2
	10
	2200
	2000
	4000
	6000

	2
	11
	2156
	2000
	4400
	6400


Graphically, these relationships appear as follows:
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Observations

-Notice that the TVC and the TC curves both take on the shape of a “recliner”: that is, first increasing at a decreasing rate, and then increasing at an increasing rate.  The difference between the two curves is TFC, which is a fixed amount.

-Notice also that the slope of the line tangent to either TVC or TC is the marginal cost.  Marginal costs first decrease and then increase due to the law of diminishing returns.  (This is the same logic as diminishing marginal productivity:  At the outset, gains from division of labor increase.  Thus marginal productivity increases, and marginal costs increase, reflecting gains from specialization.  Later, as the law of diminishing returns sets in, marginal productivity falls, as marginal costs increase. Intuitively, more labor is “imbedded” in each unit of output.)
2. Average Cost Relationships.  The same relationships can be generated by dividing costs by quantity, to get per unit costs.  In this case:

	  Q
	AFC
	AVC
	ATC
	MC

	0
	
	
	
	

	76
	26.32
	5.26
	31.58
	5.26

	248
	8.06
	3.23
	11.29
	2.33

	492
	4.07
	2.44
	6.50
	1.64

	784
	2.55
	2.04
	4.59
	1.37

	1100
	1.82
	1.82
	3.64
	1.27

	1416
	1.41
	1.69
	3.11
	1.27

	1708
	1.17
	1.64
	2.81
	1.37

	1952
	1.02
	1.64
	2.66
	1.64

	2124
	0.94
	1.69
	2.64
	2.33



AFC
=
TFC/Q

(Average Fixed Costs)


AVC
=
TVC/Q
(Average Variable Costs)


ATC
=
TC/Q

(Average Total Costs


MC
=
(TC/(Q

Graphically, these curves are represented as 



Observations

- ATC and AVC approach each other as quantity expands.  This is because the difference between the two curves is AFC.  AFC is a fixed quantity allocated over an increasing number of units.
- MC intersects ATC and AVC at their minimum points.  This follows for the same reason that MP intersects AP at its peak:  The marginal drives the average.  The averages reflect the same information as the marginal.  The marginal is more volatile, however, because it is not weighed down by the effects of any output other than the current increment.

3. Algebraic Forms of the Cost Function.  As with production functions, the appropriate specification of the cost function depends on the underlying cost relationships.  However, a cubic cost function is often used, because it is sufficiently general to allow any relationship.

If 
C(Q)
f
+ aQ
+
bQ2
+
cQ3
Notice that fixed costs are f.

Marginal costs are the derivative of C(Q), or

C’(Q)
=
a
+
2bQ
+
3cQ2
Notice that other cost relations are easily derived.  For instance, average variable costs are

AVC
=
a
+
bQ
+
cQ2
Example:  Suppose C(Q)
=
20
+
3Q2
What are marginal costs, average fixed costs, average variable costs and average total costs when Q=10? When are average total costs minimized? (To be worked in class)

4. Sunk vs. Variable Costs.  A final distinction (and one we’ve made before).  Fixed costs may be divided into two components: Sunk costs and recoverable costs.  Sunk costs are costs forever lost after they are paid.  This is an important distinction, for the opportunity costs of recoverable assets and sunk cost assets is remarkably different.

Example:  Suppose you are choosing between the purchase of a Toyota Corolla (for $12,500) and a GEO Probe (for $11,000).  After a year the book value on the cars will be $11,000 and $7,000.  What are the sunk cost components associated with the purchase of each car?  How does this difference affect your decision to undertake a 5 year loan to pay for the cars?

C. Long-Run Costs.  In the Long run, all costs are variable.  As I indicated at the outset of this chapter, the long run may be viewed as the planning horizon, since the project for the firm is to pick the optimal plant size. Information about the Long-Run Average Cost curve is very useful for determining the structure of an industry.

1. Long Run Average Costs.  The long run average cost curve (LRAC) is the envelope of all short run costs curves.  That is, the LRAC is the tangency of all efficient production points on for each plant size.

	
	ATC0
      ATC1                 ATC3
             ATC2
Economics of                   Diseconomies of Scale

Scale

	
	                 Efficient Plant Size                            Q


In the above chart, the bold line is the LRAC.  Note that the efficient scale of operation is not at the point of minimum marginal costs unless the firm is at an optimal plant size.

2. Economics of Scale



Economies of scale arise when LRAC falls as the plant expands.



Diseconomies of scale arise when LRAC increases as the plant expands.

Minimum Efficient Scale (MES):  The first point where LRAC is at a minimum

If a range exists where costs neither increase nor decrease, there exist constant returns to scale.  

Application:  The shape of the LRAC can determine how many firms can survive in an industry.  
- Suppose that MES is 10,000 units, and that market demand, at a competitive price is 40,000 units.  How many efficient firms can survive in the industry?

- Suppose that MES is 10,000 units, but that diseconomies of scale set in very soon after achieving the optimal plant size.  Can a single firm efficiently service the industry?

- Suppose an industry is characterized by continuous diminishing returns to scale.  What is the optimal industry structure?

D. Multiple Output Cost Functions.  All of the insights pertaining to single product output apply to a multi-product firm.  There are, however some interesting additional cost issues that arise.  In finishing this chapter, consider two points: The notion of economies of scope, and economies of scale.  


To illustrate, we will consider cost conditions for a firm that produces just two products: Q1 and Q2. Denote the cost function for this firm as C(Q1, Q2).

1. Economies of Scope:  Exist when the joint production of two goods is less expensive that the production of both goods separately.  Mathematically, if


C(Q1, 0) + C(0, Q2) > C(Q1, Q2)

Economies of scope are an important reason why firms produce multiple products.  For example, it may be more efficient to produce both cars and light trucks in a single plant than to produce both good separately, the two products may share many parts of the same assembly (such as the chassis) and producing the products separately would require considerable duplicative construction. 

2. Cost complementarities:
These exist in the marginal cost of producing one good increases when the output of another product is increased.  Mathematically, when:


(MC1(Q1, Q2)
< 0



(Q2
This often arises when one product is a by-product of another.  For example there are cost complementarities in the production of in the production of Flouride and Aluminum Ingot from Alumina.

Cost complementarities are an important reason for economies of scope. 

These notions are conveniently expressed algebraically with at quadratic cost function:

C(Q1, Q2)
=
f
+
aQ1Q2   + Q12 + Q22
Then MC1
=
aQ2   + 2Q1
Cost complementarities exist whenever a < 0.

Economies of scope exist whenever


C(Q1, 0) + C(0, Q2) > C(Q1, Q2)

C(Q1, 0)
=
f
+ Q12

C(0, Q
2)
=
f
+ Q22

Thus, economics of scope exist if


2f+ + Q12+ Q22  >  f+  aQ1Q2 +Q12+Q22

Or if  
f - aQ1Q2 > 0.

Comparing the two conditions, it is seen that cost complementarities are a stronger condition than economies of scope.  Given a<0, cost complementarities always exist. However, economics of scope may also even without cost complementarities, if the costs of paying fixed set-up costs twice are sufficiently high.

Example:  Suppose 

C
=
100 - .5Q1Q2 + Q12 + Q22
Do cost complementarities exist?  

Do economies of scope exist?  What about the case where

C
=
100 + .5Q1Q2 + Q12 + Q22 ? 

Notice the existence of economies of scope and cost complementarities have a lot to do with the effectiveness of mergers and the sales of subsidiaries.  Sales of an unprofitable subsidiary may not reduce losses much, due to cost complementarities.  Similarly, due to economies of scope, it may be the case that multi-product mergers are efficient.

D. Optimal Output for a Competitive Firm.  Let us return now to the single product firm (In a more complex course, I would dwell a bit on the relationship between multi-product issues and optimal production. However it turns out that with not unreasonable assumptions, decisions for a multi-product firm parallel those for a single product firm.

1 Competitive Assumptions.  
i. Many buyers and sellers

ii. Privacy  in consumption and production

iii. Full information regarding pricing and quality.

iv. Homogeneous products

v. No barriers to entry or exit 

2. Demand for the Competitive Firm The demand curve facing an individual competitor is determined by the intersection of market supply and market demand curves.  
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Observation

- In this case, Df = AR = MR = P

- To see this, suppose you are selling shirts for $10 each.  If you sell 100 shirts, 


AR = $10(100)/100 = $10


MR = $10(100) - $10(99) = $10.

3. Short Run Decisions. Optimal short run decisions are made by comparing the above firm demand curve with costs for the firm.  Consider a representative case.
P                                 MC

    . . . . . . . . . . . . .                  Df = AR = MR = P

    . . PROFITS . . . . .  ATC

    . . .  .  .  . . . . . . .               AVC



                                                  Q




Q*

a. Production at a Profit.
i) Optimal quantity:  Q* is determined by the point where MR = MC. That is the dashed vertical line extending down from the origin.

ii) The optimal price:  Since AR = MR = P, the price is, trivially, P

iii) Determination of profits or losses.  At Q*, profit per unit is P-ATC. Thus, total profits are



(
=
(P-ATC)Q*.

b. Other Possibilities. Demand may cross the average cost curves at any point.  This gives rise to a number of possible outcomes, detailed below:

P                                 MC

                                              

                                         ATC

                                                    AVC

     Loss                                        Df = AR = MR = P


                       Q*                           Q

i. Production at a loss.
P                                 MC


                                           ATC
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      Df = AR = MR = P
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Q*

ii. No Production.


 Observations. 

- The competitive firm will produce at a loss in the short run.  This is due to the existence of fixed costs.  As long as the firm can cover variable costs, and make some contribution of fixed costs, then production is optimal.

Example:  Suppose you rent an apartment for the year, and you get an out-of-town job in May, that requires you to leave before your lease expires in August.  If rent is $400 per month, and Utilities (which cannot be transferred from your name) are $120 per month, how much must you receive at a minimum to sublet the apartment?

· The point where the MC intersects AVC is the shutdown point.  The supply curve for the firm is MC above the shutdown point.  The supply curve for the market is the horizontal summation of all individual supply curves.

Example.  Suppose JJ Jones & Co. is one of one hundred manufacturers of plastic mounting tape.  For simplicity, assume that all 100 firms are the same size.  If JJ Jones would supply 15 rolls of tape per day for $2.00 per roll, how much would the market supply at a price of $2 per roll?


Answer: 15*100 = 1500 units per day.

- The place where MC intersects ATC is the breakeven point for the firm.  In this case the firm earns 0 economic profits.  This point is interesting, since it is a point of allocative efficiency.  That is, at the breakeven point, consumers are getting the maximum output at an efficient price, and firms are receiving just enough in compensation to keep them interested in participating in the market. (Note: Zero economic profits is not the same as zero accounting profits).

Algebraic Example.  Suppose you are a firm in a competitive industry, and that your cost curve is as follows:


TC =
100 + 5Q + .5Q2 


- What are your fixed costs in this case?  What are variable costs?


- How many units should the firm produce if the price is $55?


- What price should the firm charge in this instance?


- What are profits or losses?

4. Intermediate-Run Decisions for the Competitive Firm.  An important feature of competitive firms is that they are driven to the point of zero economic profits.  Recall that in a competitive market entry and exit is costless.  Recall also that the market supply schedule is the horizontal sum of individual supply schedules.  Thus the entry of additional competitors will shift the market supply schedule out, and the exit of some incumbent competitors will shift the market supply schedule in.  These changes will drive the price (or the individual demand curve faced by each firm) down or up.
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Thus, in the long run, for a competitive industry, price will be driven to MC, or the minimum point on the AC curve
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Example:  (Continuing from above). Again assuming 

TC =
100 + 5Q + .5Q2 

What price do you think this firm will be forced to charge in the long run?

5. Long Run (planning horizon) decisions for competitive firms.  One additional characteristic of competitive firms is that they are driven to the efficient scale of operation:  Suppose, for example, that there are economies of scale.  Every firm has an incentive to exploit the economies to earn higher profits.  But all survivors must also expand, for any plant that doesn’t exploit all economies of scale will have higher costs than larger, efficient rivals who do exploit the economies. 

The incentives of competitive firms (a) to produce at using the least resources, and (b) to search for the minimum cost plant size are critical features of the competitive model.  They indicate why the competitive process is allocatively efficient. 
E. Optimal Production for a Monopolist. Not all firms are competitors.  To the contrary, most firms devote considerable effort toward “cornering” a market and “protecting their market.”  These efforts to limit competition, and the responses of rivals lead to a variety of industry structures.  In closing, let us consider one alternative structure. The extreme opposite of competition, the case of monopoly 

1  Monopoly Assumptions.  

a. One seller, protected from entry, many buyers 

b. Privacy in consumption and production

c. Homogeneous product

d. Prohibitively high barriers to entry and exit 


2. Demand for a monopolist. The primary difference between monopoly production and demand is that the monopolist is the market.  Thus, monopolist faces a downsloping demand curve.


Po
P1


MR for the range Po - P1



              


D = AR= P

              

            Qo Q1    MR

In the following analysis, we assume that the monopolist is unable to price discriminate or charge different prices to different consumers, based on their different willingness to pay.  In this case, the Marginal Revenue is different from P = AR.  The reason is that in order to sell additional units, the firm must lower the price, causing the firm to lose sales on units that would have sold at the higher price.


In terms of the graph, the marginal revenue from lowering the price from Po to P1 is the change in total revenues over that range.  Essentially, it is the “quantity box” less the “price box.”

Observation: As we will demonstrate formally in a moment, for any linear demand curve, the MR curve has exactly twice the slope of the demand curve.

3. Optimization for the Monopolist.  Placing the market demand curve over the cost curves for the firm generates, the optimizing decisions for the monopolist follow the same rules as for a competitor. (For simplicity, AVC is again suppressed.)
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a. The optimal quantity Q* is determined by the intersection of MR and MC curves.

b. The optimal price is the intersection of the demand curve and the vertical line extending up from AR.

c. Profits are the difference between the price, and ATC, multiplied by Q*

An algebraic example.  Suppose you are a monopolist of a firm.  Your total cost and inverse demand curves are, respectively


TC = 100 + .5Q2

P = 200 - 2Q


- What is the marginal revenue curve for the monopolist?


- What is the optimal quantity for the monopolist?


- Determine monopoly profits.

4. Observations

a) There is no entry and exit, so monopoly profits can be permanent.

b) Monopoly pricing is inefficient.  The monopolist produces a lower output, at a higher price, and often at a higher unit cost than a competitor. 
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5. Reasons for monopoly:  A single firm may come to dominate a market for a variety of reasons.

a) Economies of scale.  If it is the case that production is characterized by economies of scale over range under the market demand curve, then only a single firm can efficiently exist in an industry.  These types of cases are typically regulated monopolies, such as electric utilities and water and sewer service.

b) Patents. Many monopolies are the consequence of government activity.  If an inventor develops a cost saving technology, or a unique product, and secures a defensible patent for the invention, the inventor has a legal monopoly for 17 years following the patent.  This monopoly power is provided as an incentive for creative activity.  In the absence of patents, new developments would be copied by firms that did not incur the product development costs, undercutting the incentive for new product development.  

c) Economies of Scope and Cost Complementarities. If firms enjoy economies of scope, and particularly cost complementarities, they can produce a product more cheaply than any rival, because costs are defrayed by the production of the complementary product.  

output decisions , 
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