Suggested Answer Key. 
Problems 4.2, 4.4, 4.6, 4.7 and 4.9

4.2 

a. A young connoisseur has $300 to spend to build a small wine cellar.  She enjoys two vintages in particular: an expensive 1987 French Bordeaux (WF) and $20 per bottle and a less expensive 1993 California varietal wine (WC) priced at $4.  How much of each wine should she purchase if her utility is characterized by the following function?

U(WF, WC)
=
WF2/3WC1/3

The Lagrangian condition is

L
=
WF2/3WC1/3
+
((I- pFWF -pCWC)

Taking first order conditions yields

( L/( WF  =
2/3(WF-1/3WC1/3)
-
( pF
=
0

( L/( WC  =
1/3(WF2/3WC-2/3)
-
( pC
=
0

( L/( W(  =
I
-
 pFWF
 -
pCWC 
=
0

Taking the ratio of the first two expressions

2/3(WF-1/3WC1/3)
=
( pF
1/3(WF2/3WC-2/3)

( pC

Simplifying

2 WC/WF
=
pF/pC
Thus, 2pcWC
= pFWF
.
Substituting into the budget constraint

I
=
2pcWC + pcWC

=
3 pcWC


Now, with our parameters,

300
=
3(4)WC
So Wc
=
300/12
=
25

and 

20WF
=
2(4)(25)

So WF = 10.

(To check notice, that $20*10 +  $4*25
=
$300)

b. When she arrived at the wine store, our young oenologist discovered that the price of the 1987 French Bordeaux had fallen to $10 per bottle because of a decline in the value of the franc.  If the price of the California wine remains stable at $4 per bottle, how much of each wine should our friend purchase to maximize utility under these altered conditions?

From above, we have

2pcWC
= pFWF. and 
I
=
3 pcWC
Thus, as before $300 
=
3($4)WC  and WC =25

However, with pF = $10
2(4)(25)=
$10WF


So, WF
= 20

Notice, that the entire price decrease resulted in increased consumption of French Wine.  This is a curious feature of the Cobb-Douglas Utility Function: Individuals spend a constant share of their income on a product, independent of the product’s price!

4.4
a. Mr. Odde Ball enjoys commodities X and Y according to the utility function

U(X, Y)
=
(X2 + Y2)1/2
Maximize Mr. Ball’s utility if Px = $3 PY = $4 and he has $50 to spend.

Hint: It may be easier to maximize U2 rather than U. Why won’t this affect your results?

Response: The utility function is homothetic (Thus, the MRS will be the same after the transformation.)
The Lagrangian condition is

L
=
(X2 + Y2)
+
((50- 3X - 4Y)

Taking first order conditions yields

( L/( X  =
2X
-
( 3
=
0

( L/( Y  =
2Y
-
( 4
=
0

( L/( ( =
50- 3X -4Y =
0

Taking the ratio of the first two expressions

2X
=
(3
2Y

(4
Thus, 

X=(3/4)Y

Substituting into the budget constraint

50- 3X -4(4/3)X =
0

50
=
(25/3)X

X
=
150/25
=
6 and 

Y
=
6(4/3)
=
8

Check:

3(6) + 4(8)
=
50.

b. Graph Mr. Ball’s indifference curve and its point of tangency with his budget constraint. What does the graph say about Mr. Ball’s behavior?  Have you found a true maximum?

Notice that with X = 6 and Y = 8, utility is U = (62 + 82)
=
100
Solving, 
Y
=
(100 – X2)1/2

Graphing, it is seen that Odde Ball is at a point of utility minimization rather than utility maximization.
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4.6.

a. Suppose that a fast-food junkie derives utility from three goods: soft drinks (X), hamburgers (Y), and ice cream sundaes (Z) according to the Cobb-Douglas Utility function

U(X, Y, Z)
=
X1/2Y1/2 (1+Z)1/2

Suppose also that the prices are Px = 0.25, Py =1 and  Pz = 2, and that I = $2.

a. Show that for Z=0, maximization of utility results in the same optimal choices as in Example 4.1.  Show also that any choice that results in Z>0 (even for a fractional Z) reduces utility from this optimum. 

The Lagrangian condition is

L
=
X1/2Y1/2 (1+Z)1/2
+
((2- 0.25X -1Y-2Z)

Setting Z=0 recovers precisely the parameterized problem in 4.1.  More generally, (taking a monotonic transformation of the utility function by squaring it)
( L/( X  =
Y (1+Z)
-
.25(
=
0

( L/( Y  =
X (1+Z)
-
(
=
0

( L/( Z  =
 (XY)
-

2(
=
0

( L/( (  =
2- 
0.25X 
-
1Y
-
2(Z) 
=
0

Setting Z=0 generates the same first order conditions as in Example 4.1.  More generally, however, solve these equations for Y and Z in terms of X. 
Taking the ratio of the first two equations,

Y/X
=
.25
or 
Y
=
X/4

Taking the ratio of the partials with respect to Y and Z, 

(Z+1)/X
=
1/8
or 
Z
=
X/8-1

Thus, for small values of X, optimal Z is a negative number, implying that utility falls. Thus, the appropriate FONC for Z is 

Z
=
max {0, X/8-1}

Now if Z=0, the budget constraint can be rewritten as 

2 
-
.25X
- .25X

=
0

Thus X = 4, and Y = 1 and U = 4.51.51.5= 2.

Allowing a small increase in Z, to say, (Z generates the new Lagrangian 
L 
=
XY(1 + (Z)
+
((2- 0.25X -1Y-2((Z))

Treat (1 + (Z) as a parameter.  Essentially, the budget falls from 2 to 2(1-(Z ).  Optimal consumption of X and Y will still be in the ratio X =4Y, so 
2(1-(Z ) - .25(4Y) +Y = 0  so Y = (1-(Z ) and X = 4(1-(Z).
Thus, 

U = [4(1-(Z )] [1-(Z] [1+(Z] =  4(1- (Z2)/(1+(Z)< 4 for any (Z>0. 
b. How do you explain the fact that Z=0 is optimal here? (Hint: Think about the ratio MUZ/PZ).
Good Z is too expensive.  From the first order conditions for the original problem, marginal utility per dollar spent for X, Y and Z are, respectively

MUx/Px
=
MUy/PY
=
MUz/Pz
=
4Y (1+Z) 
=
 X (1+Z)
= 
XY/2
=
(
If X and Y are 1 and 4, then 


4(1+Z)
=
4(1+Z)

>
4(1)/2 = 2

Good Z is too expensive, Z equals zero in an optimum. 

c. How high would this individual’s income have to be in order for any Z to be purchased?

It must be the case that X and Y are sufficiently large that the above MU/P equalities hold.  Solving

X(1+Z) = XY/2
or

Y/2 = (1+Z) or Z = 1-Y/2  (equivalently Z = 1-X/8)  Thus, Z =0 when X=8 and Y =2.  (Note, this also follows directly from the FONC).   
Income equals


I
=
.25(8)
+ 
2(2)
=
4. 

Thus, I>4.

4.7 In Example, 4.3 we used a specific indirect utility function to illustrate the lump sum principle that an income tax reduces utility to a lesser extent than a sales tax that garners the same revenue. Here you are asked to:

a. Show this result graphically for a two-good case by showing the budget constraints that must prevail under each tax (Hint: first draw the sales tax case. Then show that the budget constraint for an income tax that collects the same revenue must pass through the point chosen under the sales tax but will offer options preferable to the individual.)

(Note: For a Cobb Douglas function individuals spend constant portions of income on a good.  If the price of X doubles, consumption of X will halve.  Consumption of Y will remain the same.  On the other hand, if you cut income by $.50 the lower income budget constraint at the original prices must intersect the initial income budget constraint at the higher prices (Since in this case consumers will purchase 2 units of X.   

However, there exist “more central” combinations of X and Y that yield higher utility. 
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b.  Show that if an individual consumes the two goods in fixed proportions, the lump sum principle does not hold because both taxes reduce utility by the same amount
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Notice that the sales tax rotates the budget constraint inward. However, the effect of the income tax is identical, since the consumer enjoys only fixed combinations of the goods.

c. Discuss whether the lump sum principle holds for the many-good case too.

Yes.  Intuitively, when goods are perfect complements, then an increase in the price of one good is the same as an increase in the price of the bundle.  Only when goods are imperfect substitutes will (imperfect) substitution allow consumers to attempt to shift away from the taxed good.

4.9. The general CES utility function is given by 


U(X,Y)
=
X(/(+ Y(/(
a. Show that the first-order conditions for a constrained utility maximum with this function require individuals to choose goods in the proportion X/Y
=
(Px/Py)1/(1-()
The appropriate Lagrangian is

L
=
X(/(+ Y(/(
+
((I- pxX -pyY)

Taking First Order Conditions. 

( L/( X  =
X(-1
-
px(
=
0

( L/( Y  =
Y(-1
-
py(
=
0

( L/( (  =
I- 
pxX
-
pyY=
0

Taking the ratio of the first two expressions yields



(X/Y) (-1
=
px/py
So

(X/Y)

=
(px/py) 1/((-1)
b. Show that the result in part (a) implies that individuals will allocate their funds equally between X and Y for the Cobb-Douglas case ((=0), as we have shown before in several problems. 


( = 0 implies
X/Y

=
(px/py) -1
= py/px
Thus pxX = pyY.

c. How does the ratio PxX/PyY depend on the value of (?  Explain your results intuitively.

X/Y
=
(Px/Py) 1/((-1)
Thus,

PxX/PyY
=
(Px/Py) (/((-1)
Thus, as ( increases, the share of income spent becomes increasingly sensitive to the good’s relative price.  
