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Directions. Answer the questions in the space provided.
Unless noted otherwise, you must show and explain your
work to receive full credit. In proofs, justify each step to
the extent reasonable.

This is a closed-book, closed-notes test. Calculators, com-
puters, etc., are not used.

There are 9 numbered questions. Questions 5, 6, and 7
concern rings. All other questions are about groups.
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Lagrange’s Theorem:
If H is a subgroup of G, then |H| divides |G|.




1. Suppose that ¢ : Z x Z — Sg is a homomorphism for which
©(1,0) = (35)(24) and ¢(0,1) = (1 7)(6 8 9). Find the kernel of ¢.
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2. Consider the subgroup (9) of Z;,.
(a) Listall cosets of (9).
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3. Suppose H is a normal subgroup of a group G.
Prove or disprove: If H and G/H are both abelian, then G is also abelian.
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4. Suppose @ : G — H is a homomorphism and |G| is prime.
Show that ¢ is either the trivial homomorphism or is one-to-one.
(The trivial homomorphism ¢ : G — His @(x) = ey forallx € G.)
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5. State the definition of a ring.
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6. List all zero divisors of the ring Zs x Zs.
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7. Show that if a is an element of a ring R, then 0a = 0.
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8. Let G be a group with |G| = pq, where p and q are prime numbers.
Show that every proper subgroup H of G is cyclic.
(Recall that proper means H # {e} and H # G.)
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9. Suppose ¢ : G = H is a homomorphism.
Recall that ¢[G] ={@(x) | x € G} C H.
Prove that ¢[G] is a subgroup of H.
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