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Directions. Answer the questions in the space provided. Unless
noted otherwise, you must show and explain your work to receive
full credit. In proofs, justify each step to the extent reasonable.

This is a closed-book, closed-notes test. Calculators, computers, etc.,
are not used.

There are 10 numbered questions; each is worth 10 points.




- The following is a partial table for a commutative and associative binary
operation on a set S ={a, b, c, d}.
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. State the definition of a group.
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3. For each of the following binary structures, say whether or not it is a group.
If a structure is not a group, name at least one group axiom %, %, or ¥

that fails.
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(g) The unit circle U ={z | z € Cand |z| = 1} with the binary operation of
multiplication of complex numbers.
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(h) The set of all bijectiVe functions f : R — R with the binary operation of
function composition.
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4. Are the groups (R*, . ) and (R, +) isomorphic? Explain.
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5. Suppose ¢ : Zg — Ug is an isomorphism satisfying ¢(3) = 1\/_;. Find @(6).
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7. Suppose G is a group that has no subgroups other than H = {e} and H = G.
Prove that G must be cyclic.
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8. Suppose G is a group having the property that (ab)~! = a~'b~! for each
a,b € G. Prove that G is abelian.

Proct  (Divect )
Sum@o&a 6 /e\vow m ?\ro\pﬂv‘"}\ﬁ "H’\m}(
()" = &b Hov eackh 4 b € G

Takee “ ) bwe  a,b € 6. We

lrmve B
(ab)_' - 4 b (¥
\\ o) (CL b )‘-II = ‘7\\ (;t'_l ; J)“ﬂ :j)bt
[L‘V' 5"f"lzl:L-€ Y "r—u N (D’Lz ‘ AN \r\-(_\_nl_FQ o ‘;L\\
pre dmct. Com bining Tl Wit
(%) 9 Ve s
| -1
lal = d b
g o I.h;/"}
mﬂ (h A ) = Ct
1 -
So (a") [t)') (fo (&u

A€ abh = ba

Nm,u e R Shu"wh ab = ba ,QW
ey & b € G Se & 0
&AA-DQ.( AN . %



9. Suppose K is a subgroup of an abelian group G.
Prove that theset H={x € G [x* € K} is a subgroup of G.
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10. Draw the subgroup lattice for Zs.
(Just draw the diagram; you do not need to justify or show any work.)
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