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Recall:
Sets X and Y have the same cardinality, written | X| = |Y|,
provided that there is a one-to-one and onto function f : X — Y.
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Theorem |ZT| = |Z|.

Proof: Here is a 1-1 onto function f : X — Y.

n |1 2 3 4 5 6 7 8 9 10 11

f(my [0 -1 1 —2 2 -3 3 -4 4 -5 5
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Theorem: |Q| = |ZT].
Proof: Arrange elements of QQ in the following array.

0 1 —1 2 —2 3 —3 4 —4 5 —5

0 1 =1 2 =2 3 =3 4 —4 5

1 1 1 1 1 1 1 1 1 1
1 2 =2 3 4 5
2 3 3 2 3 2
1 2 =2 3 =3 4 5
3 5 5 4 4 5 3
1 =1 2 =2 3 =3 4 —4 5 =5
4 4 7 5 5 7 7 4 4
1 =1 =2 3 =3 4 5 =5
5 5 9 9 7 7 9 6 6
1 =1 2 =2 3 =3 4 - 5 =5
6 6 11 11 8 8 11 11 7 7
1 =1 2 =2 3 =3 4 —4 5 =5
7 7 13 13 10 10 13 13 8 8
1 =1 2 =2 3 =3 4 =4 5 =5
8 15 15 11 11 15 15 9 9
1 2 =2 3 -3 4 —4 5 =5
9 17 17 13 13 17 17 11 11
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Proof: Arrange elements of Q in the following array.
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Get list of all rational numbers.



Theorem: |Q| = |ZT].
Proof: Arrange elements of QQ in the following array.

0 1 —1 2 —2 3 —3 4 —4 5 —5
0 1 =1 2 =2 3 =3 4 = 5 =5
1 1 1 1 1 1 1 1 1 1 1
1 =1 2 =2 3 =3 4 =4 5 =5
2 2 3 2 2 3 5] 2 2
1 =1 2 =2 3 =3 4 —4 5 =5
3 3 5 5 4 4 5 5 3 g
1 =1 2 =2 3 =3 4 =4 5 =5
4 7 7 5] 5} 7 7 4 4
1 =1 2 =2 3 =3 4 —4 5 =5
5 5 9 9 7 7 9 9 6 6
1 =1 2 =2 3 =3 4 —4 5 =5
6 11 11 8 8 11 11 7 7
1 =1 2 —2 3 =3 A4 —4 5 =5
7 7 13 13 10 10 13 13 8 8
1 =1 2 =2 3 =3 4 —4 5 =5
8 8 15 15 11 11 15 15 9 9
=1 2 =2 =3 A —4 =5
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Get list of all rational numbers. Hence 1-1 onto function f : ZT — Q.

n |1 2 3 4 b 9 10 11 12 13

1
3 3 4 "4 7

6 7 8
f(n)o%%_%_%%% T 1 )




Thus: |Z*] = |Z| = |Q)].

Notation: |ZT| =Ny



Thus: |Z*] = |Z| = |Q)].

Notation: |ZT| =Ny

But do all infinite sets have cardinality Np?

NO! |R| > Rg



Theorem: |R| # No, that is, |R| # |ZT].
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Theorem: |R| # No, that is, |R| # |ZT].
Proof: Assume to contrary |R| = |Z*|. Then there is 1-1 onto f : Z* — R.

n | f(n)

1/0.40000000000000...
2/8.50060708666900...
3/7.50500940044101...
415.50704008048050...
5/6.90026000000506...
6]16.82809582050020...
716.50505550655808...
8(8.72080640000448...
9/0.55000088880077...
10/ 0.50020722078051...
11/2.90000880000900...
12|16.50280008009671...
13/8.89008024008050...
14 |1 8.50008742080226...
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Proof: Assume to contrary |R| = |Z*|. Then there is 1-1 onto f : Z* — R.

n | f(n)
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let y = 0.01010001001000...
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n | f(n)

1/0.40000000000000...
2/18.50060708666900...
317.50500940044101...
415.50704008048050...
5/6.90026000000506...
6]16.82809582050020...
716.50505550655808...
8(18.72080640000448...
9/0.55000088880077...
10/ 0.50020722078051...
11/2.90000880000900...
12|16.50280008009671...
13/8.89008024008050...
141 8.50008742080226...

let y = 0.01010001001000...
be number whose nth decimal place differs from nth decimal place of f(n).



Theorem: |R| # No, that is, |R| # |ZT].
Proof: Assume to contrary |R| = |Z*|. Then there is 1-1 onto f : Z* — R.

n | f(n)

1/0.40000000000000...
2/18.50060708666900...
317.50500940044101...
415.50704008048050...
5/6.90026000000506...
6]16.82809582050020...
716.50505550655808...
8(18.72080640000448...
9/0.55000088880077...
10/ 0.50020722078051...
11/2.90000880000900...
12|16.50280008009671...
13/8.89008024008050...
141 8.50008742080226...

let y = 0.01010001001000...
be number whose nth decimal place differs from nth decimal place of f(n).
Then y # f(n) for all n € ZT. So f is not onto, a contradiction.



