Section 13 Solutions

2.

10.

16.

18.

24.

50.

Consider ¢ : R — Z be defined as p(z) = the greatest integer < x.
This is NOT a homomorphism, for the homomorphism property doesn’t hold:
(1.6 +14)=pB)=3#2=14+1=p(1.6) + ¢(1.4)

Suppose F' is the additive group of all functlons R — R.
Consider ¢ : F' — R defined as ¢(f fo x)dz. This is a homomorphism because

o(f+g) = fo f+9)(z dx:fo +g(x) dx_fo dm"‘fo r)dr = p(f) + p(g).

0 if o is even

Consider the homomorphism ¢ : S3 — Zgy where (o) = { 1 ifois odd

ker(p) = {0 € S| if o is even} = | A3 = {po, p1, p2}. |

Consider the homomorphism ¢ : Z — Z;¢ with (1) = 6.

Notice the homomorphism property gives a formula for ¢:
p(n) =e(l+1+1+4-4+1)=o(1) + (1) +¢1) +---@(1) = np(1) = 6n.

Thus ¢(18) = 6-18 = 108 =

ker(p) = {n € Z|p(m) = 0} = {n € Z|6n = 0} =

(Because if 6n = 0 in Zjp, then 6n must be a multiple of 10, hence n is a multiple of 5)
Let ¢ : Z x Z — Sio be such that ¢(1,0) = (3,5)(2,4) and ¢(0,1) = (1,7)(6, 10, 8,9).
As in the previous problem, there is a formula for ¢:

p((m,n)) = ¢((m,0) + (0,n)) = ¢(m(1,0))p(n(0,1)) =

[p((1,0) + (1,0) + - -+ + (10)][((0,1) 4+ (0,1) + - -~ + (0, 1))] =

©(1,0)"p(0,1)™ =[(3,5)(2,4)]™[(1,7)(6, 10,8,9)]" = (3,5)™(2,4)™(1,7)"(6, 10, 8,9)"

Thus (3, 10) = (3,5)%(2,4)>(1,7)1°(6,10,8,9)'% = | (3,5)(2,4)(6,8)(10,9) |

To find the kernel of ¢, note that ¢((m,n)) = (3,5)™(2,4)™(1,7)"(6,10,8,9)" will only be the
identity permutation if m is a multiple of 2 and n is a multiple of 4. Thus ’ker(cp) = 27 x 47. ‘

Let ¢ : G — H be a homomorphism. Show that ¢[G] is abelian if and only if for all z,y € G, we
have zyr~ly~! € ker(p).

Proof. First, suppose ¢[G] is abelian. Denote the identity in H as ¢’. Recall ¢[G] = {p(z)|x € G},
so ¢[G] being abelian means that the following equation holds for all z,y € G-

e(@)e(y) = vy)e(z). (1)
Now let’s check that zyx~1y~! € ker(y). Using the homomorphism property for ¢ followed by equa-

tion (1), we get p(zyz~ly~") = p(x)ey)p(z ey = p(@)e(@ HeW)e(y™) = plzz™Helyy ™)
= p(e)p(e) = €'¢’ = €. This shows p(zyz~ly™1) =€/, whence zyz~ty~! € ker(p).

Conversely, suppose zyz~'y~! € ker(p) for all ,y € G. Take two arbitrary elements o(x) and p(y)
in ¢[G]. Since zyr~ly~! € ker(p), it follows p(xyz~ly~!) = ¢, so p(x)p(y)p(r Hp(y~!) = ¢,
which becomes ¢(z)p(y)e(z) Lp(y)~! = €. Right-multiplying by ¢(y) and again by ¢(z) produces
p(@)e(y) = e(y)p(x), so ¢[G] is abelian.



