Section 3 Solutions

8.

18.

26.

Consider the binary structures (M>(R),-) and (R,-), and the map ¢ : M2(R) — R defined as ¢(A) = det(A).
Is ¢ an isomorphism?

Z
o
=8
(@}
@
-+
=
Qo
-+
=
il
=
=}
il
]
=
(<l
<
]
Lanr)
o,
@D
—+
]
=
=1
B
I
B
+
w0
x.
<
@D
07]
§\
:L
&
~
I
o,
@D
-+
—~
D>
®
I
o,
@D
-+
—~
h
~—
D..
]
=
~
H
C"’A

B
satisfy the homomorphism property. Also, ¢ is onto, for if y € R, then ¢ ([ (1) D = de
2

far so good. However, ¢ is not one-to-one because ¢ ({ (1) g D = ({ 3 (1) D =
Therefore ¢ is NOT an isomorphism.

(a) Consider the one-to-one and onto map ¢ : Q — Q defined as ¢(z) = 3z — 1. Describe a binary operation x*
on Q so that ¢ is an isomorphism from (Q, +) to (Q, *).
Note that for any x € Q we have ¢ ("LH) =z.

Now we want to find out what a * b equals. From the above line, and from the fact that the condition
o(z) * p(y) = p(x + y) must hold, we get:

b (TN (P (atl b1 (akb2) _gakbi2
@ro=e 73 P\T3 ) 7% 3 3 )= 7% 3 - 3 -

Therefore our binary operation is ’ axb=a+b+ 1. ‘

For this particular binary operation the element —1 € Q is the identity because —1*xa=—-14+a+ 1 = a.

(b) Consider the one-to-one and onto map ¢ : Q — Q defined as ¢(x) = 3z — 1. Describe a binary operation x*
on Q so that ¢ is an isomorphism from (Q, %) to (Q, +).

Since ¢ must have the homomorphism property, we have

plaxd) = p(a)+ ()
3(axb)—1 = 3a—1+3b—1
3(a*xb) = 3a+3b—1
axb = a+b7%

1
Thus = is defined as a*b:a+b—§.

To see that ¢ is an isomorphism, notice that it satisfies the homomorphism property:
1 1
o(a*b) :go<a+b— 3> =3<a+b—3> —1=3a+3b-2=3a—1)+ (3b—1) = p(a) + ¢(b).

Since a * % =a= % x a, for all a € Q, it follows that % is the identity.

Prove that if ¢ : S — S’ is an isomorphism from (S, *) to (S’, '), then ¢! : §’ — S is an isomorphism from

(87, %) to (S, *).
First, since ¢ is one-to-one and onto, its inverse ¢! is also one-to-one and onto. (One-to-one because if

¢~ (a) = 7 1(b), then p(¢ ™ (a)) = p(¢™!(b)), s0 a = b; Onto because if y € S, then ¢~ (¢(y)) =y.)

Therefore, we just need to show that ¢ satisfies the homomorphism property. Given arbitrary elements x,y € S’,
notice that

e Hzxy) = ¢! [«pgw‘l(x)) “ o(7(y)] (because z = (¢~ (2)), etc)
= ¢ He(e M (@) x o7 (y))] (because ¢(2) ¥ p(w) = ¢(z * w))
= o Hz)xpl(y) (because ¢~ (p(2)) = 2)

Thus we have shown that =1 (xx'y) = o~ (x)*¢o~1(y), which shows that ¢~ ! has the homomorphism property.

In summary, since ¢! : S’ — S is one-to-one and onto and satisfies the homomorphism property, it is an

isomorphism of (S’,*’) with (S, *).



